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Abstract

The problem of optimally approximating a function with a linear expansion over a redun-
dant dictionary of waveforms is NP-hard. The greedy matching pursuit algorithm and
its orthogonalized variant produce sub-optimal function expansions by iteratively choosing
the dictionary waveforms which best match the function’s structures. Matching pursuits
provide a means of quickly computing compact, adaptive function approximations.

Numerical experiments show that the approximation errors from matching pursuits
initially decrease rapidly, but the asymptotic decay rate of the errors is slow. We explain
this behavior by showing that matching pursuits are chaotic, ergodic maps. The statistical
properties of the approximation errors of a pursuit can be obtained from the invariant
measure of the pursuit. We characterize these measures using group symmetries of dictio-
naries and using a stochastic differential equation model. These invariant measures define
a noise with respect to a given dictionary. The dictionary elements selected during the
initial iterations of a pursuit correspond to a function’s coherent structures. The expansion
of a function into its coherent structures provides a compact approximation with a suitable
dictionary. We demonstrate a denoising algorithm based on coherent function expansions.
We also introduce an algorithm for adapting a dictionary for efficiently decomposing a
given class of functions.
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Chapter 1

Introduction

1.1 Redundant Representations

The focus of this work is the problem of obtaining efficient representations of functions.
Specifically, we seek to approximate functions with linear combinations of a small number
of unit vectors from a family {g,}.er in a Hilbert space H. For any M > 0, we want to
minimize the error
(M)=|If= > Bl
YEIN

where Iy C T'is an index set of cardinality M. Representations of this form are of central
importance in numerous applications. Image compression requires efficient storage of func-
tions f(«,y) on the plane. If we can accurately approximate f with a linear combination
of a small number of the vectors g, then we need only store a small number of coefficients
3, and indices . For numerical methods, such representations can reduce lengthy compu-
tations on f to a small number of computations performed on each g, in the expansion of
f, enabling fast calculation. In pattern recognition applications, the g, in the expansion
of f are interpreted as features of f. Compact expansions highlight the dominant features
of f and allow f to be characterized by a few salient characteristics.

When {g,},er is an orthonormal basis we can minimize the approximation error (M)
by taking Ips to be the vectors corresponding to the largest M inner products (| < f, g, >
|)yers since

(M)= > [<g.f>"
~el' =TIy
For the case that H is a space of finite dimension N and the set I' contains a finite number
P orthogonal vectors, the expansion which minimizes ¢(M ) is not difficult to compute and
requires O(PN) work.

Depending upon the basis and the space H, it is possible to estimate the decay rate
of the minimal approximation error ¢o(M ) = infr,, ¢(M) as M increases. For example, if
{9y }~er is a wavelet basis, the rate of decay of ¢o(M ) can be estimated for functions that
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belong to any particular Besov space. Conversely, the rate of decay of eo( M) characterizes
the Besov space to which f belongs[15].

We can greatly improve these linear approximations to f by enlarging the collection
{9y }~er beyond a basis. This enlarged, redundant family of vectors we call a dictionary.
The advantage of redundancy in obtaining compact representations can be seen by consid-
ering the problem of representing a two-dimensional surface given by f(z,y) on a subset of
the plane, I x I, where [ is the interval [0, 1]. An adaptive square mesh representation of f
in the Besov space By (L(1)), where % = 2+l can be obtained using a wavelet basis. This
wavelet representation can be shown to be asymptotically near optimal in the sense that
the decay rate of the error (M) is equal to the fastest decay attainable by a general class
of non-linear transform-based approximation schemes [16][17]. Even these near-optimal
representations are constrained by the fact that the decompositions are over a basis. The
regular grid structure of the wavelet basis prevents the compact representation of many
functions. For example, when f is equal to a basis wavelet at the largest scale, it can be
represented exactly by a expansion consisting of a single element. However, if we translate
this f slightly, then an accurate approximation can require many elements. One way to
improve matters is to add to the set {g,}, 1, for example, the collection of all translates
of the wavelets. The class of functions which can be compactly represented will then be
translation invariant. We can do even better by expanding the dictionary to contain the
extremely redundant set of all piecewise polynomial functions on arbitrary triangles.

Communicating in a natural language is another example of the use of compact repre-
sentations in overcomplete sets. The English language is highly redundant as the heft of
any thesaurus will show. Careful selection of words, however, allows precise, richly detailed
information to be conveyed succinctly—consider a well-crafted haiku, for example.

Intriguing research in neurophysiology suggeststhat compact representations over a
highly redundant set have a deep biological analog that is an integral component of human
cognition. Information from the retina is thought to pass through a hierarchy of feature
detectors in the cortex, each layer of which corresponds to a larger and more complex set
of features from which fewer and fewer features are identified. The activity of cells in the
retina corresponds roughly to the brightness and frequency of light at a particular location
on the retina. At the next level, different ganglion cells are tuned to respond to particular
local orientations of edges, local movement at a particular rate, and so on. It is postulated
that the end result of this process is a characterization of the sensory information by as few
active neurons as possible, perhaps as few as the 1,000 words which describe a picture[3]

[4].

1.2 Practical Considerations

The first issue we must resolve is how to find compact expansions for a given function f.
We require that finite linear combinations of dictionary vectors {g,}.cr be dense in the
space ‘H. Hence, it is always possible to obtain a linear expansion of any f € H. When
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there exist constants A, B > 0 such that for all f € H

AP < 1< fgy > 1 < BIAIP (1.1)

~el

the collection {g.} is called a frame. Frames were first introduced 40 years ago in [19] for
use with nonharmonic Fourier series. They have received much attention in recent years
as a tool for analyzing discrete wavelet transforms [13] [57]. The frame condition (1.1)
implies that the linear operator T : H — H defined by

Tf=Y <fg,>0, (1.2)

~el

is invertible. The inverse of T' gives rise to a dual frame {g,},er = {77 !9y}, cr, from
which we obtain an explicit expansion formula for f,

f:Z<fv§w>gw- (1.3)

~el

For any other expansion 3 3,g, = f, the sum of the coefficients 3 |3,]* > 3| < f,§, >|*.
These frame reconstructions utilize all g,’s in the dictionary, however, and hence do not
in general provide the compact representations we seek.

In chapter 2 we study the complexity of finding optimal M vector approximations to
a function f, expansions of f which have minimal approximation error ¢(M). We prove
that in spaces of finite dimension N the problem of finding expansions in oy N < M <
ay N vectors from a redundant dictionary that minimize the error ¢(M) is in general a
fundamentally intractable problem—in fact, it is NP-hard.

Because of the difficulty of finding optimal approximations, two alternative expansion-
finding strategies have emerged. The first is to use exhaustive search methods to find an
exact solution to a sharply restricted and much easier problem, an approach taken by vector
quantization and the best-basis algorithm. The second method is to use an iterative greedy
algorithm to approximate optimal solutions of the general problem, a strategy employed
by matching pursuit algorithms and their variants.

1.3 Constrained Expansions—Vector Quantization and Best-
Basis

Vector quantization was introduced by Shannon in the 1940’s as a device for obtaining
information theoretical bounds [52]. In the last decade the advent of high speed computing
has brought these techniques into wide use for data compression [26]. Shape-gain vector
quantization [6] [50] is a type of quantization designed to approximate patterns in vectors
which occur over a range of different gain values. In our framework, shape-gain vector
quantization is equivalent to approximating a function f with the single term sum f,g,.
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The vector g, is chosen from a large, highly redundant collection of unit vectors called a
codebook. Because of the extremely small size of the expansions, quantization algorithms
employ the brute force method of trying expansions using all vectors in the codebook to
find the optimal one. The optimal expansion is given by < f,g, > g, where g, is the
vector which maximizes | < f, g, >|; the magnitude of the relative error is

() . I<fig >l
112 1£12

To ensure a small error the g,’s must form a very dense set on the surface of the unit
sphere. The small number of terms in the expansions therefore places a sharp limit on
the dimension of the space from which functions can be approximated with any degree of
accuracy, since the size of the codebooks needed to cover the sphere with a given density
increases exponentially with the dimension of the space. To expand large dimensional
signals, such as digital audio recordings or images, the signals are first segmented into low-
dimensional components, and these components are then quantized. This segmentation of
the signal is equivalent to a restricting the dictionary to a collection of mutually orthogonal
blocks of vectors. With such a dictionary, the expansions can only represent efficiently those
structures that are limited to a single low-dimensional partition. Structures that extend
across the partitions require many dictionary vectors for accurate representation.

The best-basis algorithm of Coifman and Wickerhauser [9] performs function expan-
sions over orthogonal bases from a carefully constructed dictionary. For an N dimensional
space, the best basis dictionary contains N logy, N functions of the form

(1.4)

g (1) = 27w, (27t — k), neN, jkeZ (1.5)

called wavelet packets. The parameters k& and j are translation and scaling parameters,
and n corresponds roughly to a modulation. This set of wavelet packets contains over 2%V
different orthonormal bases of H, including orthonormal wavelet bases and an orthogo-
nalized analog of the window Fourier transform. The structure of the dictionary can be
utilized to allow decompositions of functions to be computed in O(N log N) time. This
fast performance is a result of the particular structure of the wavelet packet dictionary,
however, and the algorithm does not generalize to other dictionaries. Hence, the type of
expansions that can be performed is restricted. Another limitation of the algorithm is that
the expansions are constrained to orthonormal bases. This restriction can preclude more
efficient expansions. The presence of strong transients within a signal, for example, can
mask the presence of nearby portions of the signal with different time-frequency behaviors
by causing the algorithm to choose a local basis that is well-suited to decomposing only
the transients.

1.4 General Expansions with Greedy Algorithms

A class of iterative algorithms for performing expansions over redundant dictionaries, called
matching pursuits, have been independently developed in signal processing [58], statistics
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[32][20][30], and control theory applications [7][5]. An excellent overview is provided in [58].
Matching pursuits are greedy algorithms; rather than finding a globally optimal expansion
(which we show is an NP-hard problem), at each step of operation they find an optimal
one-element expansion. The residual of this one element expansion is then expanded in
the next iteration, and so on. We review a fast, parallelizable version of matching pursuit
algorithm due to [58] in chapter 3.

Because the pursuit is a multi-stage process, the dictionaries used for the expansions
do not need to be as enormous as those used for single stage vector quantization. Matching
pursuits are therefore capable of decomposing functions in very high dimensional spaces
without requiring enormous computational resources or partitioning into orthogonal sub-
spaces. Moreover, because high dimensional spaces do not need to be partitioned, the
dictionaries can include structures which are much more delocalized than can single stage
vector quantization codebooks.

Unlike the best-basis algorithm, matching pursuits can use arbitrary dictionaries. In
section 3.3 we describe an application of matching pursuits for performing adaptive time-
frequency decompositions of signals. For this application we use as a dictionary a family of
vectors which are optimally localized in the time-frequency plane, a collection of translated,
modulated, and scaled Gaussians. Wavelet packets have poor frequency localization [42]
and are thus much less efficient for performing this task. The constraint that the best-basis
decomposition be an orthogonal basis is an additional hindrance to performance when sig-
nals are non-stationary. The basis constraint imposes a structure on the decomposition
which can prevent adaptation to local signal structures when strong features of very differ-
ent time-frequency localization are nearby. The greedy expansions of matching pursuits,
in contrast, are locally adapted to the time-frequency localization of signal structures.

The question now arises of what we sacrifice in using these non-optimal greedy expan-
sions. For dictionaries consisting of an orthonormal basis, the matching pursuit expansion
for a function f is precisely the optimal expansion obtained above by using the M dictio-
nary elements with the largest inner products | < f, g, >|. For more general dictionaries
the matching pursuit expansions are not optimal. In fact, when no two elements of a
dictionary for a finite dimensional space are orthogonal, matching pursuit expansions are
not only non-optimal, they do not converge in a finite number of iterations except on a
set of measure (0. We introduce an orthogonal matching pursuit which converges in finite
steps in finite dimensional spaces, and we compare the performance and complexity of the
non-orthogonal and orthogonal pursuit.

We examine the asymptotic behavior of matching pursuits in order to better understand
their convergence properties. We prove that matching pursuits possess chaotic properties
and that for a class of dictionaries with a group invariance the asymptotic approximation
errors can be viewed as the realizations of a stationary white process called dictionary
noise. The asymptotic convergence of the pursuit can be quite slow, but our numerical
experiments show that given a suitable dictionary, function expansions initially converge
very quickly. Thus, when the number of terms in the expansion is not too large, matching
pursuits provide efficient approximations.
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1.5 Dictionaries

An additional issue we must resolve is how to determine an appropriate dictionary over
which to perform the expansions. Even an optimal expansion will not provide compact
function representations if an unsuitable dictionary is used. For example, a discrete Fourier
basis is a poor choice for expanding functions containing discontinuities. Similarly, we
would not want to use a Haar wavelet basis for approximating smooth functions.

The problem of finding an appropriate dictionary is essentially one of finding a set of
canonical features which characterize the functions we wish to decompose. Experiments
show that animals reared in environments lacking certain types of visual stimuli have few if
any neurons that respond to the missing features when they are presented later in life. This
shows that the “dictionary” of features used by the cortex to encode visual sensory data
is at least partially learned. We develop an algorithm which, like the cortex, iteratively
adapts a dictionary to provide efficient representations for a training set of data.[3]

We examine the specific problem of optimizing a dictionary for approximating the
realizations of a given random process. Many types of physical data can be viewed as
such realizations. An important class of dictionaries we study are those which possess
a group structure, such as translation or modulation invariance. Such dictionaries are
a priori well-suited to decomposing realizations of a process which possesses similar in-
variances. Apart from establishing such macroscopic properties as translation invariance,
the problem of finding an optimal dictionary is a difficult one. Dictionary optimization
has been well-studied in the context of vector quantization, i.e. in the case of expansions
consisting of a single vector. The generalized Lloyd algorithm [34] is a standard method
for optimizing dictionaries for vector quantization. We present a modified version of the
Lloyd algorithm to iteratively optimize a dictionary for approximating the realizations of
a particular random process.

1.6 Outline of Thesis

In this thesis we address three central issues for performing function expansions over re-
dundant dictionaries.

1. How can we efficiently obtain expansions over redundant dictionaries which minimize
the approximation error (M ), and what is the computational complexity of obtaining
such expansions?

2. For what types of functions can we obtain compact representations with a given dic-
tionary, and how can we characterize the approximation errors from such a scheme?

3. How can we find a dictionary which is optimal for a given class of functions?

In chapter 2 we prove that the problem of finding optimal function expansions over a
redundant dictionary is NP-hard. We show that the minimal approximation error criterion
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leads to intrinsically unstable expansions which accounts for some of the difficulty in finding
these expansions.

As a result of these complexity results, we turn to sub-optimal methods for finding ex-
pansions. In chapter 3 we review the matching pursuit algorithm of [39], and in chapter 4.1
we introduce an orthogonalized version of the algorithm which has improved convergence
properties. We compare the complexity and performance of these two algorithms for a set
of speech data with a dictionary of time-frequency atoms.

In chapters 6 and 7 we study the asymptotic behavior of the residuals from a matching
pursuit. In our numerical experiments we find that the rate of decay of the approximation
error (M) decreases as M becomes large. These observations are explained by showing
that a matching pursuit is a chaotic map which has an ergodic invariant measure. The
proof of chaos is given for a particular dictionary in a low-dimensional space, and we show
numerical results which indicate that higher dimensional matching pursuits are also ergodic
maps. When M is small, the matching pursuit provides an efficient function expansion into
what we call “coherent” structures. The error incurred by truncating function expansions
when the convergence rate e(M ) becomes small corresponds to the realization of a process
which is characterized by the invariant measure called “dictionary noise.” The properties
of invariant measures are studied for the particular case of dictionaries that are invariant
under the action of a group of operators, and a stochastic model of the evolution of the
residues is developed for a dictionary which is composed of a discrete Dirac basis and
discrete Fourier basis.

Finally, in chapter 8 we address the problem of adapting a dictionary for decomposing
realizations of a particular random process. We use a modified version of the Lloyd algo-
rithm of vector quantization to develop an algorithm for iteratively optimizing a dictionary
for matching pursuit and orthogonal matching pursuit expansions.



Chapter 2

Complexity of Optimal
Approximation

Let ‘H be a Hilbert space. A dictionary for H is a family D = {g,}yer of unit vectors
in ‘H such that finite linear combinations of the g, are dense in D. The smallest possible
dictionary is a basis of H; general dictionaries are redundant families of vectors. Vectors
in ‘H do not have unique representations as linear sums of redundant dictionary elements.
We prove below that for a redundant dictionary we must pay a high computational price
to find an expansion with M dictionary vectors that yields the minimum approximation
error.

Definition 2.1 Let D be a dictionary of functions in an N -dimensional Hilbert space H.
Let € >0 and M € N. For a given f € RY an (¢, M )-approximation is an expansion

~ M
f=>"Bigy, (2.1)
=1

where 3; € C and g, € D, for which
If = fll < e

An M-optimal approximation is an erpansion that minimizes Hf -1l

If our dictionary consists of an orthogonal basis, we can obtain an M-optimal approxi-
mation for any f € H by computing the inner products {< f, g, >}, e, and sorting the dic-
tionary elements so that |< f, g, >| > |< f. gy, >|- Thesignal f =M, < f,g.. > g,
is then an M-optimal approximation to f. In an N dimensional space, computing the
inner products requires O(N?) operations and sorting O(N log N) so the overall algorithm
is O(N?).

For general redundant dictionaries, the following theorem proves that finding M-optimal
approximations is computationally intractible.
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Theorem 2.1 Let H be an N dimensional Hilbert space. Let k > 1 and let Dy be the set
of all dictionaries for H that contain O(N*) vectors. Let 0 < a; < ag < 1 and M € N
such that oy N < M < aysN. The (¢, M)-approximation problem, determining for any
given € > 0,D € Dy, and f € H, whether an (¢, M)-approzimation exists, is NP-complete.
The M-optimal approximation problem, finding the optimal M-approximation, is NP-
hard.

The theorem does not imply that the M-approximation problem is intractible for spe-
cific dictionaries D € Dpy. Indeed, we saw above that for orthonormal dictionaries, the
problem can be solved in polynomial time. Rather, we mean that if we have an algorithm
which finds the optimal approximation to any given f € RN for any dictionary D € Dy,
the algorithm decides an NP-hard problem.

Note: in our computations we restrict f, the elements of the dictionaries, and their
coefficients to floating point representations of @(N™) bits for some fixed m [53]. This
restriction does not substantially affect the proof of NP-completeness, because the problems
that must be solved for the proof are discrete and unaffected by small perturbations.

Proof: For any € we can solve the (¢, M )-approximation problem by first solving the
M-optimal approximation problem, computing €,,;, = Hf— fl|, and then checking whether
€min < €. Hence the M-optimal approximation problem must be at least as hard as
the (e, M )-approximation problem. Proving that the (e, M)-approximation problem is
NP-complete thus implies that the M-optimal approximation problem is NP-hard. The
(e, M )-approximation problem is in NP, because we can verify in polynomial time that
I/ = fll < € once we are given the set of M elements and their coefficients. To prove that it
is NP-complete we prove that it is as hard as the exact cover by 3-sets problem, a problem
which is known to be NP-complete.

Definition 2.2 Let X be a set containing N = 3M elements, and let C be a collection
of 3-element subsets of X. The exact cover by 3-sets problem is to decide whether C
contains an exact cover for X, i.e. to determine whether C contain a subcollection C' such
that every member of X occurs in exactly one member of C'? [23]

Lemma 2.1 We can transform in polynomial time any instance (X,C) of the exact cover
by 3-sets problem of size | X | = 3M into an equivalent instance of the (€, M )-approzimation
problem with a dictionary of size O(N?) in an N -dimensional Hilbert space.

This lemma implies that if we can solve the (e, M )-approximation problem for M =
N/3, we can also solve an NP-complete problem so the approximation problem must be
NP-complete as well. It thus gives a proof of the theorem for M = %

Proof: Let H be an N dimensional space with an orthonormal basis {ei}lgz’gN- For
notational convenience we suppose that X is the set of N = 3M integers between 1 and
N. Let C be a collection of 3-element subsets of X. To any subset of K integers S C X
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we associate a unit vector in H defined by

T(S)=3 ° (2.2)

Let D be the dictionary of H defined by
D ={T(5;):5,€C}, (2.3)
where the 5;’s are the three-element subsets of X contained in C. Since C contains at

most ( ];7 ) = O(N?) three-element subsets of X, this transformation can be done in

polynomial time.
We now show that solving the (e, M )-approximation problem for

N .
[=TN) =Y =

and € < \/Lﬁ is equivalent to solving the exact cover by 3-Sets problem (X,C). Suppose C

(2.4)

contains an exact cover C' for X. Then

I3 ST — sl =0 (2.5)

Since there are M = %N such §;’s, the approximation problem has a solution. Thus, a
solution to the exact cover problem implies a solution to the approximation problem.

Conversely, suppose the (e, M )-approximation problem has a solution for ¢ <
There exist M three-element sets S; € C and M coeflicients §,, such that

1
TN

M
1Y B.T(S0) = fIl <
n=1

-

The inner product of each basis vector {e;}i1<i<ny with Zanl B, T(5,) must be non-zero,

for otherwise we would have || X772, 3;7(5;) — f|| > \/Lﬁ (recall that all components of f

are equal to \/I_N) Since each T'(S;) has non-zero inner products with exactly three bases

vectors and N = 3M, the M sets (Sz’)lgigM do not intersect and thus define an exact 3-set
cover of X. This proves that a solution to the approximation problem implies a solution
to the Exact Cover problem, which finishes the proof of the lemma.

a

We have proved that the (e, M )-approximation problem is NP-complete for oy = ay = %

and dictionaries of size O(N?). We now extend the result to arbitrary 0 < ay < ag < 1
and dictionaries of size O(N¥) for & > 1. Let (X,C) be an instance of the exact cover
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by 3-sets problem where X is a set of n elements. Following lemma 2.1, we construct an
equivalent (e, M )-approximation problem on a 3n-dimensional space H;. We then embed
this approximation problem in a larger Hilbert space H in order to satisfy the dictionary
size and expansion length constraints. In Hs, the orthogonal complement of Hy in H,
we construct a (0,ayN — n)-approximation problem which has a unique solution. The
combined approximation problem in H will be equivalent to the exact cover problem and
will have the requisite M and dictionary size.

Let N be the smallest integer such that N > 3n, N* > |C|, and ay N > 3n. This N is
bounded by a polynomial in n, since |C| < n>. Let H be an N-dimensional Hilbert space
and let {ei}lgigN be an orthonormal basis of H. Let H; be the subspace of H spanned by
the vectors {e;}1<i<3, (recall that N > 3n). We map subsets of X to 7 using (2.2) as we
did in lemma 2.1 and we define

fi = VEIT(X) = Y (2.6)

where § is a constant we will define below, and we set
Dy ={T(5;):s; € C}. (2.7)

This mapping can be done in time bounded by a polynomial in n because |C| < n®. From
the proof of lemma 2.1 we see that the function f; can be approximated with an error of
less than 8 using n vectors from Dy if and only if X has an exact cover, and it cannot be
approximated to within £ using less than n vectors.

We now create a second approximation problem in Hsg, the orthogonal complement of
‘Hy in H, so that we can control the size of the expansion. We define

oo N |+2n
=8 3 e (2.8)
1=3n+1
and
Dy ={e;:3n<i< |agN| +2n} (2.9)

This construction, too, can be done in polynomial time in n, since N is bounded by a
polynomial in n. Approximating f; to within 3 is only possible if entire set of [agN| —n
vectors Dy is contained in the expansion.

The approximation problem equivalent to (X,C) is formed by setting

;= h+he
D = D UD, (2.10)

and choosing a positive € < . We take f = so f is a unit vector. The combined

1
vV @2 N|+2n

dictionary contains |C| + |a2N| — n < 2N vectors, so it is of O(N*) by our choice of N.
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To prove the equivalence, we first suppose that C contains an exact cover C’ for X.
Then

oo N |+2n
V33 > T(S)+8 > e—fll=0. (2.11)
S;eC’ 1=3n+1

The first sum contains n terms and the second contains [N | — n terms, so the total
number of terms M in the expansion is |azN| which lies between a3 N and a; N for N
sufficiently large. Hence a solution to the exact cover problem implies a solution to the
(e, M )-approximation problem.

Suppose that C does not contain an cover for X. We can partition the error from our
constructed approximation problem,

M
E=[=3"Big (2.12)
=1
into a sum of its projection Fq onto H; and its projection Fy onto Ho. The two subspaces
are orthogonal, so ||[E||> = ||F1]|* + ||F2||>. We must therefore have [|F1||* < 3 and
||E2|] < . Now to obtain ||E;|| < f we must include all [agN| — n vectors from D,
in the expansion. We can therefore have at most n vectors from Dy in the expansion.
From above, we have that an n-vector approximation to f; with error less than f is not
possible without an exact cover. Hence, no solution to the (e, M )-approximation problem
exists. This proves that no solution to the exact cover problem implies no solution to the
(e, M )-approximation problem, thus proving the theorem.

a

A corollary of theorem 2.1 shows that finding approximations which have a minimum
length for a given error tolerance is also intractable.

Corollary 2.1 Let H be an N dimensional Hilbert space. Let k > 1 and let Dy be the
set of all dictionaries for H that contain O(N¥) vectors. Let ¢ > 0. The e-shortest
approximation problem is to find the smallest M such that a linear combination of M
dictionary elements

~ M
fe = Zﬁing
=1
satisfies || f. — f|| < e(N). The e-shortest approzimation problem is NP-hard.

Proof: We prove that the problem is NP-hard by showing that we can use solutions
of the problem to solve an NP-complete problem in polynomial time. Suppose we wish to
decide the (e, M )-approximation problem for some €, a1, az, f, D, and N. We first solve
the e-shortest approximation problem to find the smallest number of dictionary elements
M required to approximate f to within e. If M < ayN then the (e, M)-approximation
problem has a solution. If not, there is no such (e, M )-approximation.
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a

Remarks: A problem related to the exact cover by 3-sets problem is the minimum cost
cover problem. For X and C as in the 3-set problem, a cover of X is any collection of sets
from C such that each element of X appears in at least one of the sets. The cost of a cover
is the number of sets from C which make up the cover. The minimum cost cover problem
is to find the cover for X with the smallest cost. When an exact cover for X exists, it is
the minimum cost cover, so finding the minimum cost cover is at least as hard as the exact
cover by 3-sets problem. The problem is NP-hard but is not in NP, because we cannot
verify in polynomial time whether a given cover is minimal. A standard means of finding
low-cost covers for X is to use a greedy method , and the ratio of the size of the greedily
obtained cover to the size of the minimum cover can be shown to be bounded [12] [31] [35].
In the next section, we will describe a greedy method for approximating solutions to the
M-optimal approximation problem

The optimal approximation criterion of definition 2.1 has number of undesirable prop-
erties which are partly responsible for its NP-completeness. The elements contained in
the expansions are unstable in that functions which are only slightly different can have
optimal expansions containing completely different dictionary elements. The expansions
also lack an optimal substructure property. The expansion in M elements with minimal
error does not necessarily contain an expansion in M — 1 elements with minimal error.
The expansions can therefore not be progressively refined. Finally, depending upon the
dictionary, the coefficients of optimal approximations can exhibit instability in that the
expansion coefficients §; of the M-optimal approximation (2.1) to a vector f can have

M
> 131 >> (111

=1

Consider the case when H = R>, f = (1,1,1), and D = {ey, e, €3, v}, where the e;’s are

the Fuclidean basis of R? and v = ”213”. The M-optimal approximation to f for M =
2 is

. 1
F= les + £l t “fll,, _ el (2.13)

so we see that M 5|2 can be made arbitrarily large. In the next section we describe an
approximation algorithm based on a greedy refinement of the vector approximation, that
maintains an energy conservation relation which guarantees stability.



Chapter 3

Matching Pursuits

A matching pursuit is a greedy algorithm that progressively refines the signal approxima-
tion with an iterative procedure instead of solving the optimal approximation problem.
In section 3.1 we review this adaptive approximation procedure due to [58]. Section 3.2
describes a fast numerical implementation, and section 3.3 describes an application to an
adaptive time-frequency decomposition. In the next chapter we introduce an orthogo-
nalized version of the pursuit and compare the performance and complexity of the two
algorithms.

3.1 Non-Orthogonal Matching Pursuits

Let D = {g-},er be a dictionary of vectors with unit norm in a Hilbert space H. Let
f € H. The first step of a matching pursuit is to approximate f by projecting it on a
vector ¢,, € D

f=<F 9y > 9y + Rf. (3.1)

Since the residue Rf is orthogonal to g.,,

117 = 1< f.90 > P + RS (3.2)

We minimize the norm of the residue by choosing g, which maximizes | < f,g, >|. In
infinite dimensions, the supremum of | < f, g, >| may not be attained, so we choose g,
such that

| < fr9y > > asup|< f,g, >], (3.3)
~el

where o € (0,1] is an optimality factor. The vector g., is chosen from the set of dictionary
vectors that satisfy (3.3), with a choice function whose properties vary depending upon
the application.

14
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The pursuit iterates this procedure by subdecomposing the residue. Let RVf = f.
Suppose that we have already computed the residue R f. We choose g~, € D such that

|< R"f. g, >| > asup|< R"f, g, > (3.4)
~el
and project R*f on G,
RMUf = REf— < REf. g5, > 0. (35)

The orthogonality of R*t!f and g, implies
IRFEIIP = NREFIP = < BES o > 1P (3:6)
By summing (3.5) for k between 0 and n — 1 we obtain

n—1

f= Z < ka,gwk > g, +R"f. (3.7)
k=0

Similary, summing (3.5) for k& between 0 and n — 1 yields

n—1

A2 =D 1< B*f, gy > + IR FII%. (3.8)
k=0
The residue R” f is the approximation error of f after choosing n vectors in the dictio-
nary and the energy of this error is given by (3.8). For any f € H, the convergence of the
error to zero is shown [58] to be a consequence of a theorem proved by Jones [36]

Jim_ |7 f1] = 0. (39)
Hence -
f = Z < kavg% > Gy (3'10)
k=0
117 =2 1< R frg0 >1% (3.11)
k=0

In infinite dimensions, the convergence rate of this error can be extremely slow. In
finite dimensions, let us prove that the convergence is exponential. For any vector e € H,
we define .

A(6) = sup | < T 9y > |
ver el
For simplicity, for the remainder of the thesis we will take the optimality factor a to be
1 for finite dimensional spaces unless otherwise specified. Hence, the chosen vector g.,

satisfies | . |
< Rf g, >
A(ka) — Y IVk
IREF|
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Equation (3.6) thus implies that
IRFELFIN® = RS A1 = A%(RE)). (3.12)

Hence norm of the residue decays exponentially with a rate equal to —%log(l — AX(RFF)).
Since D contains at least a basis of H and the unit sphere of H is compact in finite
dimensions, we can derive [58] that there exists A,,;, > 0 such that for any e € H

A€) > Apin. (3.13)

Equation (3.12) thus proves that the energy of the residue R*f decreases exponentially
with a minimum decay rate equal to —%log(1 — A2 ).

These non-orthogonal matching pursuits are similar in spirit to a class of iterative
algorithms for estimating conditional expectations called projection pursuits proposed by
[32] [64] and [55] and implemented by [21].

The central problem is to estimate the conditional expectation of a real-valued random
variable Y with respect to an RN-valued random variable X. Specifically, for any x € RV

we would like to compute the expectation
flz)=FEY|X =x) (3.14)

from K observations of the variables (X1, Y1),...(Xgk, Yk ). The algorithm works by iter-
atively projecting the function f onto a series of ridge functions, to obtain an expansion
of the form

o) = X gs(al %) (3,15

This projection pursuit algorithm was proved to converge strongly in [36], and from this
result the proof of the convergence of the non-orthogonal matching pursuit is derived.
The projection pursuits differ significantly from matching pursuits in that the function
f(2) is not known exactly, so its applicability and the numerical considerations for its
implementation are quite different.

3.2 Numerical Implementation of Matching Pursuits

We suppose that H is a finite dimensional space and D a dictionary with a finite number
of vectors. The optimality factor « is set to 1.

The matching pursuit is initialized by computing the inner products {< f, gy >} er,
and we store these inner products in an open hash table [11], where they are partially
sorted. The algorithm is defined by induction as follows. Suppose that we have already
computed {< R"f,g, >} 1, for n > 0. We must first find g, such that

|< Rnf,g7n>|:sup|<Rnf,gw >|' (3'16)
~el
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Since all inner products are stored in an open hash table, this requires O(1) operations on
average. Once g, is selected, we compute the inner product of the new residue R"*!f
with all g, € D using an updating formula derived from equation (3.5)

<R g, >=<R"f,9,>— < R"f,0, > < Gos 0y > - (3.17)

Since we have already computed < R"f,g, > and < R"f,g,, >, this update requires
only that we compute < g.,, g, >. Dictionaries are generally built so that few such inner
products are non-zero, and non-zero inner products are either precomputed and stored
or computed with a small number of operations. Suppose that the inner product of any
two dictionary elements can be obtained with O([) operations and that there are O(Z)
non-zero inner products. Computing the products {< R"*!f, g, >}.er and storing them
in the hash table thus requires O(IZ) operations. The total complexity of P matching
pursuit iterations is thus O(PIZ).

3.3 Application to Dictionaries of Time-Frequency Atoms

Signals such as sound recordings contain structures that are well localized both in time
and frequency. This localization varies depending upon the sound, which makes it difficult
to find a basis that is a prior: well adapted to all components of the sound recording. Dic-
tionaries of time-frequency atoms include waveforms with a wide range of time-frequency
localization are thus much larger than a single basis. Such dictionaries are generated by
translating, modulating, and scaling a single real window function g(¢) € L?*(R). We sup-
pose that that ¢(t) is even, ||g|| = 1, [g(t)dt # 0, and g(0) # 0. We denote v = (s,u,§)

and
1 t—u

D) = o (3.18)

The time-frequency atom g¢.(t¢) is centered at ¢ = u with a support proportinal to s. Its
Fourier transform is

3o(0) = Va(s(w — )i, (3.19)

and the Fourier transform is centered at w = £ and concentrated over a domain proportional
to % For small values of s the atoms are well localized in time but poorly localized in
frequency; for large values of s vice versa.

The dictionary of time-frequency atoms D = (gv(t))wel“ is a very redundant set of
functions that includes both window Fourier frames and wavelet frames [13]. When the
window function g is the Gaussian g(t) = 21/46_7Tt2, the resulting time-frequency atoms
are Gabor functions, and have optimal localization in time and in frequency. A matching

pursuit decomposes any f € L*(R) into

+oo
/= Z < R"f, 9y, > Gy, (3.20)

n=0



CHAPTER 3. MATCHING PURSUITS 18

where the scales, position and frequency v, = (8., 4, &, ) of each atom

1 t— Uy
Gy (1) = \/_—sng(T
are chosen to best match the structures of f. This procedure approximates efficiently any
signal structure that is well-localized in the time-frequency plane, regardless of whether
this localization is in time or in frequency.
To any matching pursuit expansion[39][46], we can associate a time-frequency energy
distribution defined by

Jetent (3.21)

o0

Ef(t,w)= > |< R"f, gy, > "Wy, (t,w), (3.22)

n=0
where

= 2 (52 )|

is the Wigner distribution [8] of the Gabor atom g.,. Its energy is concentrated in the
time and frequency domains where g, is localized. Figure 3.2 shows [ f(t,w) for the
signal f of 512 samples displayed in Fig. 3.1. This signal is built by adding waveforms of
different time-frequency localizations. It is the sum of cos((1 — cos(axz))bz), two truncated
sinusoids, two Dirac functions, and cos(cz). Each Gabor time-frequency atom selected by
the matching pursuit is a dark elongated Gaussian blob in the time-frequency plane. The
arch of the the cos((1 — cos(axz))bx) is decomposed into a sum of atoms that covers its
time-frequency support. The truncated sinusoids are in the center and upper left-hand
corner of the plane. The middle horizontal dark line is an atom well localized frequency
that corresponds to the component cos(cz) of the signal. The two vertical dark lines are
atoms very well localized in time that correspond to the two Diracs.



CHAPTER 3. MATCHING PURSUITS 19

100 200 300 400 500

o

Figure 3.1: Synthetic signal of 512 samples built by adding cos((1 — cos(az))bz), two
truncated sinusoids, two Dirac functions, and cos(cz).

Figure 3.2: Time frequency energy distribution £ f(t,w) of the signal in the figure above.
The horizontal axis is time and the vertical axis is frequency. The darkness of the image
increases with F f(t,w).
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Orthogonal Matching Pursuits

Matching pursuits do not in general converge in a finite number of iterations in a finite
dimensional space. The reason is that successive iterations of the algorithm can reintroduce
components into the residue of dictionary elements already removed. In section 4.1 we
present an orthogonalized version of the matching pursuit algorithm which converges in
a finite number of iterations in a finite dimensional space. The stability of the selected
elements is of great importance for orthogonal pursuits. In section 4.2 we show that it is
possible for both orthogonal and non-orthogonal pursuits to select degenerate collections of
dictionary elements for function expansions, even if alternative, non-degenerate expansions
exists. We describe a numerical implementation of an orthogonal pursuit and compare the
computational complexity to that of a non-orthogonal matching pursuit in in section 4.3.
In section 4.4 we compare the accuracy and stability of non-orthogonal and orthogonal
pursuits with a dictionary of time-frequency atoms on a set of speech data.

4.1 Orthogonal Matching Pursuits

The approximations derived from a matching pursuit can be refined by orthogonalizing the
directions of projection. The resulting orthogonal pursuit converges with a finite number of
iterations in finite dimensional spaces, which is not the case for a non-orthogonal pursuit.
A similar algorithm has been developed independently and in parallel by [43].

At each iteration, the vector g¢,, selected by the matching algorithm is @ prior: not
orthogonal to the previously selected vectors {g., o<p<k. In subtracting the projection of
RF f over g, the algorithm reintroduces new components in the directions of {g., fo<p<k-
This can be avoided by orthogonalizing {g., }o<p<r With a Gram-Schmidt procedure. Let
Uy = gro- As in a matching pursuit, we choose g¢,, that satisfies (3.4). This vector is
orthogonalized with respect to the previously selected vectors by computing

k-1
< Gy s Uy >
p=0 P
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The residue is then defined by
U (4.2)

The vector RFf is the orthogonal projection of f on the orthogonal complement to the
space generated by the vectors {g,, jo<p<k. Equation (4.1) implies that < RFfup >=<
R*f,g., > and thus

<Rf g, >

Rk-l—lf:ka_ .
]|

U (4.3)
Since R**'f and wuy, are orthogonal,

| < R*f, g, > |?
|||

|R¥ 112 = (|1 RFFIIP — (4.4)

If RFf £ 0, < R*f, g, >7# 0 and since RF f is orthogonal to all previously selected
vectors the selected vectors {g.,}o<p<k are linearly independent. Since R°f = f, from
equations (4.3) and (4.4), similarly to equations (3.7) and (3.8), we derive that for any
n>0

< RFf g, > .
F=> HTH;kWJrR £, (4.5)
0<k<n
and | L |2
< RYf g, > "
2= 3 S R (46)
0<k<n

The theorem below proves that that the residues of an orthogonal pursuit converge strongly
to zero and that the number of iterations required for convergence is less than or equal
to the dimension of the space H. Thus in finite dimensional spaces, orthogonal matching
pursuits are guaranteed to converge in a finite number of steps, unlike non-orthogonal
pursuits.

Theorem 4.1 Let H be an N -dimensional Hilbert space and let f € H (N may be infinite).
An orthogonal pursuit converges in less than or equal to N iterations. The residue R"™f

defined in (4.3) satisfies

im IR f] = 0. (4.7)
Hence
f= Z = R‘TJ“TJQ" hy (1.8)
and
1717 = Z L g > (19)

[k ?



CHAPTER 4. ORTHOGONAL MATCHING PURSUITS 22

Proof: We first suppose that < R*f, g, ># 0 for k < N. If not, then we are through,
since condition (3.3) implies that < RFf, g >= 0 for all g, € D, and because the vectors
in D span H, we must have R¥f = 0. Because R*f is orthogonal to {9, Yo<p<r and
< R¥f,g, ># 0, the set {9+, Yo<p<r must be linearly independent. When N is finite, the
N linearly independent vectors {g,, }o<p<n—1 form a basis of H, and the orthogonalized
vectors {u,} form an orthogonal basis of H. The result follows directly.

When N is infinite, we have from the Bessel inequality that

< fuk >3
> < I (4.10)
im el
By (3.3), we must have
klim sup |< R"f, g, >| =0, (4.11)

so R®f converges weakly to 0. To show strong convergence, we compute for n < m the
difference

m 2
HRnf_RmeQ — Z |<f7uk2>|
PSR LT
— |< f7 UL >|2
< I Stk 217 4.12
SRR T (2

which goes to zero as n goes to infinity since the sum is bounded. The Cauchy criterion is
satisfied, so R™ f converges strongly to its weak limit of 0, thus proving the result.

a

The orthogonal pursuit yields a function expansion over an orthogonal family of vectors
{ur}o<p<n- To obtain an expansion of f over {g., fo<r<ny We must make a change of basis.
The Gram-Schmidt vector u; can be expanded within {g., }o<p<k

wp =Y by e, (4.13)

p=0

Inserting this expression into (4.8) yields

< R f?g n é
f= Z T an megw (4.14)

p=0

In the infinite dimensional case, without absolute convergence of the infinite series, we
cannot rearrange the terms of this double summation to obtain

< Rnf? g’Yn >
Z g’Yp Z bp7nw. (415)

0<p<M  p<n<M
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The second summation that defines the expansion coefficients over the family {g,, fo<p<m
can indeed diverge. This happens when the family of selected elements is not a Riesz basis
of the closed space it generates.

The residues of orthogonal matching pursuits in general decrease faster than the non-
orthogonal matching pursuits. However, this orthogonal procedure can yield unstable
expansions by selecting ill-conditioned family of vectors. It also requires many more oper-
ations to compute because of the Gram-Schmidt orthogonalization procedure. In the next
section we show that in some cases, it is impossible to invert orthogonal pursuit function
expansions, even when the dictionary contains a frame. The computational implementation
and complexity of these two algorithms is compared in section 4.4.

4.2 Stability of Pursuits

The following theorem proves that there exist functions and dictionaries for which the or-
thogonal pursuit expansion in terms of the orthogonalized vectors uy cannot be transformed
into an expansion in terms of the original dictionary elements g.,, even when the dictionary
contains an orthonormal basis. We construct a function which has energy spread all across
the orthonormal basis. The ill-conditioned elements are selected because they are much
better suided to expanding the function in question than the vectors of the orthonormal
basis.

Theorem 4.2 There exists a function f € L*[0,1] and a dictionary for L?[0,1] that con-
tains an orthonormal basis such that the dictionary elements in the orthogonal matching
pursuit expansion of f do not form a Riesz basis.

Proof: We first define a set of functions on L2[0, 1] which we will use to construct our
dictionary and our function. Let

wi(t) = 22kX[1—2—k,1—2—k+2—4k](t)v (4.16)

for k > 1. The wy’s are a set of step functions which tend towards a delta function at t = 1
as k goes to infinity. Our dictionary consists of the Fourier basis for L2[0,1] together with
the set (21 )x>1 defined by,

vi(t) = wi(t) (4.17)
we(t) = (1= 27F) 3wy (t) + 27 2 wi(t). (4.18)

We have '
D = (221 U (€77H) ez (4.19)

We take as our function to decompose,

f= i 272k, (4.20)
k=1
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The Fourier basis is ill-suited to representing highly spatially localized functions such
as the wy’s which comprise f. Hence, the pursuit will select the localized functions zj for
the expansion, despite the degeneracy of this set.

We prove by induction that the selected dictionary elements are z1,3,..., and that
R™f is given by

o0
Rrf= > 27%w. (4.21)
k=n+1
The expression holds for R°f = f. For f we have,

. 1 .
| < f,e?mmt > = |/0 R™ f(x)e ™t x| (4.22)
1
< [Ires (4.23)
0
> 1
= Y 27Tt = — (4.24)
k=1 15
and
|< foan > = 277 (4.25)
< fizm >] = (1—=27™)22724 2759727 < | < foay >|. (4.26)

Hence the first selected dictionary element will be 4.

We now suppose that R"f = >772 272k, We compute the inner product of R"f
with all elements of the dictionary to determine the next selected element. For the Fourier
basis, we have

|< Rnf7 e??‘r’imt >| S Z 2—2k22k2—4k (427)

k=n+1

2—4n
= . 4.28
5 (4.28)

For the v;’s we have

|< R"f,e;m > = 0, form<n (4.29)
= 273" form > n, (4.30)
so we have max, ep| < R"f,g9, >| = | < R"f,2,41 > |. The normalized projection of
Zn41 onto the complement of the span of the set {zy,...2,} is w,41. We remove this

normalized projection from R™f to obtain,

RHf= 3" 27y, (4.31)
k=n+2
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The set (21)x>1 is clearly not a Riesz basis, because

o0
dOl< wp e >P =0 (4.32)
k=1
and
> Tp— < Tp,T1 > T
i 2 1< ek, Hxn— < acmacl 1" (4.33)
i—1 n ny L1 > 961H
o0
= lim dTI< ap,w, >[> = 0. (4.34)
k=1
a

An equivalent result holds for non-orthogonal matching pursuits but the proof is a bit
more complicated. Because non-orthogonal pursuits yield expansions in terms of dictionary
elements, rather than in terms of the orthogonalized dictionary elements, the selection of
a degenerate collection does not pose difficulties.

Theorem 4.3 There exists a function f € L*[0,1] and a dictionary for L?[0,1] that con-
tains an orthonormal basis such that the dictionary elements in the non-orthogonal match-
ing pursuil expansion of  do not form a Riesz basis.

We show that functions and dictionaries exist for which the selected dictionary elements
fail to satisfy the upper or lower frame bounds. We first construct from the functions wy,
above dictionary a function for which the selected elements do not satisfy the upper frame
bound.

Our dictionary consists of the Fourier basis for %[0, 1] together with the degenerate
sets (2 )k>1 and (yg)r>1 defined by,

1 = Nn=uw (4.35)
1 1
1 1
We have '
D= (fk)kZI U (yk)k21 U (62Mkt)kez. (438)

We again take as our function to decompose,

f= i 27wy (4.39)
k=1
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The idea of the proof is the same as before. The additional elements in the dictionary
are necessary because when the non-orthogonalized pursuit removes zj from the current
residue, it introduces a component of wy into the next residue. We remove yi next in order
to eliminate this wy component and keep the problem compartmentalized.

We prove by induction that the residue RZ"*1f =357 o 272kw, We assume that we
have a choice function which selects the x;’s over the y;’s when maximum inner products
are equal. The first selected dictionary elements will be z1, followed by s, y2, 3,93, .. ..

We first show that R'f = 572, 27?*wy,. We have

< fizr>| = |<fipm>]=27 (4.40)

1 1
|< foam > = —=2724 —=272" form > 1 (4.41)

V2 V2
| < £y ym >| Lo Ly > 1 (4.42)

» Ym = = - = , lorm .

V2 V2

(4.43)
and )

|< f7 627Timt >| S Bv (444)

so the first selected dictionary element is 1. We thus obtain R!f = 322, 27wy,
Suppose now that we have R*"*t1f = > hena1 27 2% wy. The inner products of R*"F1f
with the dictionary elements will be

| < B o > = [< Ry, > =0, form < n (4.45)
1

|< R f 2. > = |<R™fy,>=—=272" form>n (4.46)

V2

) 2—4n
|< ]%271-I—1f7 62mmt >| S B . (447)
Thus, the next selected element will be 2,41 and

1 =

RH2f = — 5w —wnp) + 7 27y, (4.48)

k=n+2

The inner products of R?**+2f with the dictionary elements will be

|< R**2f 2, >| = 0, form<n+1 (4.49)
1

<R¥PFIf o> = =27 form>n+1 4.50

| / | NG (4.50)

|< R*"F2f y. > = 0, form<n (4.51)
1

|< R¥"FP2f oy >| = —=272" form >n (4.52)

V2
2n42 ¢ 2mimt —2(n+1) 16
|< R*" T f. e > < 2 [— =

1 1
_2—4 _2—4(n+1) 2—4(n+2) .
+ 2 I+ 15

2
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The maximum inner product will be | < R?*"*2f y..1 >|. Subtracting the component of
Yny1 from R*T2f we obtain the desired result, R4+ — > heni2 272k .
We have

o0 o0
Sl<amar > = D |<zmupm>* = (4.54)
o0 o0
Z|<ym,xk >2 = Z|< Ym> Y > |2 = 0, (4.55)

so we see that the set of selected dictionary elements is degenerate.

a

We now construct a dictionary and function for which the selected elements do not
satisfy the lower frame bound. We create three orthogonal families of step functions from
which we will build our dictionary and our function. We let

rE(t) = 22(k—|—4)X[1_2_k71_2_k+2_4(k+4)](t) (4.56)
yk(t) = 22(k—l—zl)X[l—2—k-|-2—4(k+4>,1—2—k-|-2 2—4(k+4>](t) (4-57)
Zk(t) = 22(k—l—zl)X[l—2—k-|-22—4(k+4>,1—2—k-|-3 2—4(k+4>](t)- (4-58)

Our dictionary will consist of the Fourier basis (¢27), .7 together with three orthonor-
mal families (2x), (yx), and (zx). We will build our function f from a sum of orthogonal
pieces, piece k of which will be decomposed into the sequence x, yi, 2.

The three families which form the dictionary are

3 4
a = Fk + 5 Yk (4.59)
by = (4.60)

e = /1 —Eyp + ez (4.61)

Here (¢i) is a sequence which decreases monotonically to 0. Our function f will consist of
a linear sum of the functions

21 €
fr = 4ap + 3yp — = —==

25, /1 - e
We use the cycle of 3 elements, so that we can progressively eliminate the pieces fj from
[ without any of the selected elements having to contain a large component of z. We
also must build the 3-cycle so that zj is contained in its span. We can then show that the

selected elements are not a frame because the sum of the squares of their inner products
with zp can be made arbitrarily small.

(4.62)
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By adjusting the heights and widths of the functions (z), (yx), and (z;), we can make
the magnitude of the inner products of the residues with the Fourier basis as small as we
like. By adjusting the rate of decay of the coefficients of the fi we can ensure that ay is
selected, followed by by then c;. We take

f= i 27 . (4.63)

k=1

The details of the proof are similar to the cases above.

4.3 Numerical Implementation of Orthogonal Matching Pur-
suits

We suppose that H is a finite dimensional space and D a dictionary with a finite number
of vectors. The optimality factor « is set to 1.

The initialization and selection portions of the orthogonal matching pursuit algorithm
are implemented in the same way as they are for the non-orthogonal algorithm. The
difference between the two algorithms is in the updating of the inner products < R" f, g, >
after a vector has been selected. Once the vector g., is selected, we must compute the
expansion coeflicients of the orthogonal vector w,

U = bpnge,- (4.64)
p=0

The Gram-Schmidt orthogonalization scheme can be used to obtain these coefficients in
O(n?*I) time, but the numerical properties of this scheme are not good. A better method
is to use the fact that

Up = Gy, — P16, (4.65)

where P,_; is the projection onto the span of the vectors {g., }Oﬁkﬁn—l' We can write this
projection operator P,_; as the product

Pn—l = Gn—l(G:;_lGn—l)_lG:;_ly (466)

where (G,,_1 is an n by n matrix which has as its columns the vectors {gg% }Oﬁkﬁn—l' For
p < n the coefficient b, ,, is given by the p* entry in the column vector —(G%_,G,—1) " G5 _ g,
and for p = n we have b, , = 1. We compute the b, ,,’s in two steps. We first form the vec-
tor G _,g~,. This requires computing the » inner products < g,,,¢,, > for 0 <k < n and
so requires O(nl) operations. We then form the matrix G7_,G,—y. This matrix is built
recursively by adding an additional row and column to G, _,G\,—o. This row and column
have entries of the form < ¢,,,¢,, , > for k <n —1, and since we compute these values in
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step n — 1 while forming of &% _,¢., _,, this step requires no additional computations. We
can use the LDU decomposition from step n—1 as part of a block LDU decomposition [25],
so computation of the inverse requires O(n?) steps. The total work required to compute
the coefficients by, is then O(n?).

We then compute the inner product of the new residue R"™!f with all g, € D, using
the orthogonal updating formula (4.3)

<R fg >=<R'f,9,> — < R"'f, gy, > < tn,g, > . (4.67)
Since .
< Up, Gy >= Z bpn < Gvpr Gy > (4'68)
p=0

computing {< R"*f, g, >}.er requires O(nlZ) operations. The total number of opera-
tions to compute P orthogonal matching pursuit iterations is therefore O( P>+ P?17). For
P iterations, the non-orthogonal pursuit algorithm is P times faster than the orthogonal
one. When P is large, which is the case in many signal processing applications, the or-
thogonal pursuit algorithm is much slower and requires too many calculations for real time
processing. When P remains small, the orthogonal pursuit is more advantageous because
it converges faster.

4.4 Comparison of Non-orthogonal and Orthogonal Pur-
suits

4.4.1 Accuracy

To compare the performance of the orthogonal and non-orthogonal pursuits, we segmented
a digitized speech recording into 512-sample pieces and decomposed the pieces using both
algorithms. The dictionary used was the discretized described in section 3.3.

Figure 4.1 shows for both algorithms the decay of the residual ||R™f|| as a function of
n for a 512 sample speech segment. When n is close to 512, the dimension of the signal
space, the orthogonal pursuit residue converges very rapidly to 0. The non-orthogonal
pursuit, on the other hand, converges exponentially with a slow rate when n is large. We
see, then, that orthogonal pursuits yield much better approximations when n is large.

The performance of the two algorithms is similar in the early part of the expansion,
however. The reason is that for the early part of the expansion the selected vectors are
nearly orthogonal, so the orthogonalization step does not contribute greatly. This near-
orthogonality comes from the fact that for both pursuits < R"*!f g, >= 0, so

|< R™*f, g, >
| R+ f[]2

The vector g.,,, is chosen by finding the y € I' for which the left hand side of (4.69) is
maximized. We see from (4.69) that there is a penalty for selecting dictionary elements g.,

<1 =1< 9y, 970 > |2) (4.69)
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Figure 4.1: log || R" f|| as a function of the n. The top curve shows the decay of || R" f|| for
a non-orthogonal pursuit and the bottom for an orthogonal pursuit.

for which | < g¢.,9,, > | is large. Provided that | < g.,,¢~,,, > is small, a similar (but
smaller) penalty exists for selecting a ¢, , which correlates with either g, or g, ., and
so on. Hence, the initially selected vectors tend to be orthogonal.

These nearly-orthogonal elements which comprise the initial terms of the expansion
correspond to the signal’s “coherent structures,” the portions of the signal which are well-
approximated by dictionary elements. We describe these coherent structures in more detail
in chapter 7. The correlation ratio, defined by

| < R"f, g9y > |
MR f) = sup ————""—
S A |V |

is an important measure of the degree to which structures in the residue R"™f resemble

(4.70)

dictionary elements. A signal f which possess structures which are well-represented by
dictionary elements will have large values of A(f). As the matching pursuit proceeds, these
structures are removed, and A(R" f) decreases. Experiments show that A(R"f) converges
to a dictionary dependent constant, A,,. The coherent structures of f are defined to be
those structures selected before A(R" f) is sufficiently close to the value A.,. We denote by
N.(f) the number of coherent structures in f.

For many applications, we are interested in only the coherent portion of the expansion
of f. Although for large expansions, the orthogonal pursuit produces a much smaller error,
for the coherent portion of the expansion, the difference between the two algorithms is not
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great. For the discretized Gabor dictionary with 512 samples, we find that A, =~ 0.17.
Selected dictionary elements are deemed to be coherent until a running average of the
||R™ f||’s is within 2 percent of A..

For the 274 speech segments tested, the average number of coherent structures was
72.7. For the coherent portion of the signal, the norm of the residual generated by the
orthogonal pursuit was on average only 18.5 percent smaller than the norm of the residual
for the matching pursuit. More precisely, let R™f denote the non-orthogonal pursuit
residue, and let R”f denote the orthogonal pursuit residue. For the speech segments

tested, the ratio H%Uzjiﬂ ranged from 0.864 to 1.771 with an average of 1.185 and a standard

deviation of 0.176. We see, then, that for the coherent part of the signal, the benefits of
the orthogonalization are not large.

The computational cost of performing a given number of iterations of an orthogonal
pursuit is much higher than for the non-orthogonal pursuit, as we showed in the last section.
However, because of the better convergence properties of the orthogonal pursuit, we need
not perform as many iterations to obtain the same accuracy as a non-orthogonal pursuit.
For the coherent portions of the tested speech segments, the orthogonal pursuit required
an average of N.— 4 iterations to obtain an error equivalent to that of the non-orthogonal
pursuit with N, iterations. The implementation of the pursuit used requires I = O(1)
operations to compute the inner products < ¢, ¢, > and on average, Z = N = 512 of
these inner products are non-zero. The non-orthogonal expansion of the coherent part
of the signal thus requires roughly 4 x 10*I operations whereas the orthogonal expansion
requires roughly 2 x 106 operations. The cost is two orders of magnitude higher for a 20
percent improvement in the error.

4.4.2 Stability

Orthogonal pursuits yield expansions of the form

f=> Brux+ R"f (4.71)

k=0

where the uy’s are orthogonalized dictionary elements. When the selected set of dictionary
elements is degenerate (when the set does not form a Riesz basis for the space it spans),
these expansions cannot be converted into expansions over the dictionary elements g, .
Our results from section 4.2 shows that this is a legitimate concern, at least in theory. We
now examine numerically the stability of the collection of dictionary elements selected by
orthogonal and non-orthogonal pursuits.

To compare the degeneracy of the sets of elements selected by the two algorithms, we
computed the 2-norm condition number for the Gram matrix G, ; =< g,,g,, > for twenty
128-sample speech segments. Figure 4.2 shows for both pursuits the condition number x(n)
of the Gram matrix as a function of the number of iterations n for one 128-sample speech
segment. As we discussed above, the initially selected coherent structures are roughly
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Figure 4.2: log; x(n) for the Gram matrix of the selected dictionary elements as a function
of the number of iterations. The top curve is the condition number for a non-orthogonal
pursuit, and the bottom is for an orthogonal pursuit. The dashed line is at V..
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orthogonal and form a well-conditioned set for both pursuits. As the pursuit proceeds, the
set selected by the non-orthogonal pursuit grows more and more singular, while the set
selected by the orthogonal pursuit stays well-conditioned. The reason is that for the non-
orthogonal pursuit, the penalty (4.69) against selecting a g, ., that correlates with g,
decreases as k increases. Hence, as the number of iterations increases beyond the number
of coherent structures, the set grows more and more singular. For the orthogonal pursuit,
on the other hand, we have

| < R"f gy >
[ R

< I = Po)gyI*, (4.72)

where P, is the orthogonal projection onto the space spanned by ¢, ...g,,. Hence there
is a penalty against selecting for ¢, ., a g, which correlates strongly with any of the
previously selected elements. The table below summarizes the results.

Pursuit mean(log(k(N))) mean(log(x(N,)))
Non-orthogonal 12.2 1.53
Orthogonal 2.09 0.621



Chapter 5

Group Invariant Dictionaries

The translation, dilation, and frequency modulation of any vector that belongs to the
Gabor dictionary still belongs to this dictionary. The dictionary invariance under the
action of any operators that belong to the group of translations, dilations or frequency
modulations implies important invariance properties of the matching pursuit. We study
such properties when the dictionary is left invariant by any given group of unitary linear
operators G = {G,},cq that is a representation of the group Q. Since each operator G,
is unitary, its inverse and ajoint is -1, where 771 is the inverse of 7 in Q. For example,
the unitary groups of translation, frequency modulation and dilation over H = L*(R) are

defined respectively by G, f(t) = f(t — 1), G, f(t) = €7 f(t) and G, f(t) = \/15_Tf(siT)

Definition 5.1 A dictionary D = {g,}.cr is invariant with respect to the group of unitary
operators G = {G,};eq if and only if for any g, € D and 7 € Q, G.g, € D.

The Gabor dictionary is invariant under the group generated by the groups of trans-
lations, modulations and dilations. The properties of the corresponding matching pursuit
depends upon the choice function C' that chooses for any f € H an element g, = C(E[f])
from the set

Elfl={9eD:|< fg>|>asup |< fgy> ]}
9+€D

onto which f is then projected. The following proposition imposes a commutatitivity
condition on the choice function € so that the matching pursuit commutes with the group
operators.

Proposition 5.1 Let D be invariant with respect to the group of unitary operators G —

{G:}req- Let f € H and

n—1

f=3"angy, + R"f
k=0
be its matching pursuit computed with the choice function C'. If for any n € N
CG E[R"f] = G,CE[R" f], (5.1)

34



CHAPTER 5. GROUP INVARIANT DICTIONARIES 35

then the matching pursuil decomposition of G, f is

n—1

G.f = Z anGrg, + G- R"f. (5.2)

k=0

The condition (5.1) means that an element chosen from the E[R" f] transformed by
G, is the transformation by G, of the element chosen among E[R"f]. Equation (5.2)
proves the vectors selected by the matching pursuit of GG f are the vectors selected for the
matching pursuit of f transformed by G, and the residues of GG, f are equal to the residues
of f transformed by G .

Proof: Since the group is unitary, for any g, € D

< Gvag’Y >=< f, Gq——lgw >

Hence ¢, € E[G, f] if and only if G -1¢, € E[f] which proves that E[G, f] = G E[f]. By
using the commutativity (5.1) of the choice function with respect to G, we then easily
prove (5.2) by induction.

a

The difficulty is now to prove that there exists a choice function that satisfies the
commutativity relation (5.1) for all f € H or at least for almost all f € H. The following
proposition gives a necessary condition to construct such choice functions.

Proposition 5.2 Let K be set of functions f € 'H such that there exists G, # I with
E[f] = E[G,f]. (53)
There exists a choice function C such that for any f€e H—K and G, € G
CGLE[f] = G.CE[f]. (5.4)

Proof: To define such a choice function we construct the equivalence classes of the
equivalence relation Ry in ‘H defined by f Ry hif and only if there exists G, € G such that
f =G h. The axiom of choice guarantees that there exists a choice function that chooses
an element from each equivalence class. Let Hy be the set of all class representatives. The
axiom of choice also guarantees that for any f € H; there exists a choice function €' that
associates to any set E[f] an element within this set. To extend this choice function we
define a new equivalence relation Ry in ‘H defined by f R, h if and only if there exists
G, € G such that f = G h and E[f] = E[h]. All elements that belong to H — K correpond
to equivalence classes of 1 vector. For each equivalence class, we choose a representative
f. There exists G/, such that G5 f € H;. Since G is unitary, for any g, € D

< Gvag’Y >=< f, Gq——lgw >
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Hence, E[G, f] = G E[f]. For any h that is equivalent to f with respect to Ry, we define
C(E[h]) = C(BI]) = G, C(E[G+f]) = G, C(G-Elf) € Ef.  (5.5)

This choice function associates a unique element to each different set E[f]. If f € H — K,
property (5.5) implies that this choice function satisfies (5.4).

a

Proposition 5.3 When H is an infinite dimensional space, if for any g4 € D and G # 1
there exists A such that for any h € H

R > A D | < h,Gengy > |2, (5.6)
nEN

then K = {0}.

Proof: If there exists f € H and G, such that E[f] = E[G f], then for any n € N,
E[f] = E[G,n f], where G« f is the n'* power of G,. Hence, for any ¢, € E[f] and n € N

|<f7GT"g'y> | Za/\(f)

If we set h = f in (5.6), this property implies that A(f) = 0 otherwise f would have an
infinite norm. Since linear combinations of elements in D are dense in H, if A(f) = 0 then

f=0.
Od

Property (5.6) is satisfied for the Gabor dictionary and the group G composed of di-
lations, translations and modulations for H = L?(R). This comes from our ability to
construct frames of L?(R) through translations and dilations or frequency modulations
of Gaussian functions [13]. This result implies that there exists a choice function such
that the matching pursuit in a Gabor dictionary commutes with dilations translations and
frequency modulations.

For cyclic groups, we can derive necessary and sufficient conditions for the existence of
a choice function such that G.R = RG in a complex, finite dimensional space. Examples
of cyclic groups include unit translations modulo N and unit modulations. The following
theorem shows that with a suitable dictionary we can always obtain translation invariant
decompositions or modulation invariant decompositions.

Proposition 5.4 Let H be a finite dimensional space. We can construct a choice function
C for which G R"f = R"G, f if and only if the dictionary D contains all the eigenvectors
of G,. Moreover, the constructed choice function has an optimality factor of 1 except on
a set of measure 0.
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Proof: Suppose E[f] = E[G, f]. We require that RG.f = G.Rf, so from Rf = f— <
£, C(E[f]) > C(E[f]) we derive that

< G- f,C(E[G-f]) > C(E[Gf]) =< [, C(E[f]) > G- C(E[f]), (5.7)

so we have
G, C(E[f]) = BC(ELf)). (5.8)

Plugging (5.8) into (5.7) gives |3]* = 1. Since G is unitary, setting C'(E[f]) equal to any
eigenvector of G- will satisfy (5.7), and these are the only solutions. Thus, we can satisfy
RG, f =G Rf if and only if C(E[f]) is an eigenvector of G.

Suppose the dictionary D contains all the eigenvectors of G.. We can construct in two
steps a choice function which for almost all f yields a vector g., such that |< f,g,, >| =
max., | < f,g, >| for almost all f, and a vector g., such that |< f,g,, >| > \/Lﬁmax,y | <
f.94 > for fin a set of measure 0.

On the set H — K we construct a €'y with optimality factor & = 1 using the method of
proposition 5.2. For f to be in the set K, it must satisfy

M) =< gy > =< f,Gr19y> |

This set K is of measure 0 in 7. Thus, we are constructing a choice factor with an
optimality factor of 1 except on a set of measure 0.

On the set K we compute E'[f] with optimality factor o = \/Lﬁ We partition K into
the sets

Krx = {feK:E[f]=FI|G, f]for G, £1T}
Ky = K-Kkg.

On Ky we construct a choice function C5 using the method of proposition 5.2. On K
we ensure that the choice function selects an eigenvector of G.. The eigenvectors of G-
are contained in K and because they form an orthonormal set, we must have at least one
eigenvector w of G, for which | < f,w >| > \/l_ﬁ Hence all sets E'[f] for f € Kg must
contain at least one eigenvector. We construct the equivalence classes of the relation Rj
on Ky defined by f Rs h if and only if E[f] = E[h]. By the axiom of choice, we can select
an eigenvector w of G from each equivalence class. The choice function ' then associates
to members of each equivalence class the selected eigenvector w.

We now show the only if part. Suppose first that H is a complex space and let w be an
eigenvector of G, that does not belong to the dictionary. If f = w we have E[f] = E[G, f],
so the only possible values of C'(E[f]) are the other eigenvectors of G-, all of which are
perpendicular to w. Thus the only values of C'(E[f]) which preserve the commutativity do
not satisfy | < f, C(E[f]) >| > asup,er|< f,g, >| for any a > 0. Hence D must contain
all eigenvalues w of G'..
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We cannot extend this result to groups generated by two non-commuting elements,
such as the set of all unit translations and modulations, because non-commuting operators
have different eigenvectors. For general groups when H has a finite dimension and D is a
finite dictionary, we set the optimality factor « = 1. Then f € K if and only if there exists
g~ € D and G; such that

AN =< gy > =< f,Grm19y> |

This set K is of measure 0 in H. If for all n € N R” f is not in K, the proof of proposition
5.1 proves that the commutativity relation (5.2) remains valid for f. If the set of such
functions is of measure 0 in ‘H we say that the matching pursuit commutes with operators
in G almost everywhere in H.



Chapter 6

Chaos in Matching Pursuits

Each iteration of a matching pursuit is a solution of an M-optimal approximation problem
where M = 1. Hence the pursuit exhibits some of the same instabilities in its choice of
dictionary vectors as solutions to the M-optimal approximation problem. In this chapter
we study these instabilities and prove that for a particular dictionary the pursuit is chaotic.

6.1 Renormalized Matching Pursuits

We renormalize the residues R™f to prevent the convergence of residues to zero so we
can study their asymptotic properties. Let R"f be the residue after step n of a matching
pursuit. The renormalized residue R"f is

R"f
|2 £l

The renormalized matching pursuit map is defined by

R'f = (6.1)
M(R"f)= R"T1f. (6.2)
Since R"*1f = R"f— < R"f, g, > g~, and
RN = IR = 1< R fogn > T,
we derive that if | < R f, g, > |# 1

Rnf_ < Rnfvgwl > Jvn

X _ pn+l e _
M= Vi< Bofg, >

(6.3)

We set M(R"f)=0if | < R"f,g,, >|=1.
At each iteration the renormalized matching pursuit map removes the largest dictionary
component of the residue and renormalizes the new residue. This action is much like that

39
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of a binary shift operator acting on a binary decimal: the shift operator removes the most
significant digit of the expansion and then multiplies the decimal by 2, which is analogous
to a renormalization.

Definition 6.1 Let s € [0, 1] be expanded in binary form 0.s18283. .., where s; € {0,1}.
The binary left-shift map L :[0,1] — [0, 1] is defined by

L(0.818283 . ) = 0.828384 cees (64)

The binary shift map is well-known to be chaotic with respect to the Lebesgue measure
on [0,1]. We recall the three conditions that characterize a chaotic map 7' : ¥ — ¥ [14]
[10].

1. T must have a sensitive dependence on initial conditions. Let T®) = ToT o...oT,
k times. There exists € > 0 such that in every neighborhood of 2 € ¥ we can find a
point y such that |7 (z) — T®)(y)| > € for some k > 0.

2. Successive iterations of T'must mix the domain. 7 is said to be topologically transitive
if for every pair of open sets U,V C X, there is a k > 0 for which T(k)(U) NV #£0.

3. The periodic points of T must be dense in X.

The topological properties of the renormalized matching pursuit map are similar to
those of the left shift map which suggests the possibility of chaotic behavior. The renor-
malized matching pursuit map has “sensitive dependence” on the initial signal f, when f
is near a dictionary element or at the midpoint of a line joining two different dictionary
elements. Let f € H and g¢,, and g¢,, be two dictionary elements such that

| < fogn>|=1<fign>1>|<figy>]| foryi,v2#7v€l.

We can change the residue Rf completely by moving f an arbitrarily small distance to-
wards either g,, or g,,. The map thus separates points in particular regions of the space.
Alternatively, consider two signals f; and f; defined by

fi=(1=€)gy + e (6.5)

and
fa=(1=¢€)gy, + €hy (6.6)

where ¢, is the closest dictionary element to f; and fy, |hy — he| = 1, and < Ay, g,, >=<
hy, gy >= 0. Then || fy — fo| = €|h1 —hz| can be made arbitrarily small, while | R f; — R fo| =
|1 — hg| = 1. The open ball around g¢., is mapped to the entire orthogonal complement of
g, in the function space, which shows that in some regions of the space, the renormalized
matching pursuit map also shares the domain-mixing properties of chaotic maps.
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6.2 Chaotic Three-Dimensional Matching Pursuit

To prove analytically that a non-linear map is topologically transitive is often extremely
difficult. We thus concentrate first on a simple dictionary of H = R?, where we prove that
the renormalized matching pursuit is topologically equivalent to a shift map. The dictio-
nary D consists of three unit vectors go, g1, and g2 in R? oriented such that < g;, g; >= %
for « # j. The vectors form the edges of a regular tetrahedron emerging from a common
vertex; each vector is separated by a 60 degree angle from the other two.

To prove the topological equivalence, we first reduce the normalized matching pursuit
to a one-dimensional map. The residue R™f is formed by projecting R"~! f onto the plane
perpendicular to the selected g, _,. Hence, the residues R"f are all contained in one of
the three planes P; orthogonal to the vectors g;. We can expand the residue R"f € P; over
the orthonormal basis (e;1,€;2) of P; given by

€1 = Git1 — i1 (6.7)
git1 + 9i—1 — 9;

€; =
)2 \/5

All subscripts above and for the remainder of this section will be taken modulo 3.
Let (24, yn) be the coordinates of R™ f in the basis (e;1,€;2). Since it is orthogonal to

g; the next dictionary vector that is selected is either ¢g;_1 or ¢g;4+1. One can verify that the
residue R"f is mapped to a point in P, if 2,y, < 0 and to a point in P4q if 2,9, > 0.
The coordinates of the residue R"*! f is either is these planes are

—% 4 T z, >0,y, >0

T _V2 Yn orz, <0,y, <0

Fry ( ) = 2 5 (6.9)
Yn -3 —%5 T Tp 2> 0,y, <0

[5@ 0 ](yn) or x, <0,y, >0

The normalized residue R”f has a unit norm and hence lies on a unit circle in one of

the planes P;. We can thus parameterize this residue by an angle 6 € [—7, 7) with respect

to the orthogonal basis (e;1,€;2). The angle of the next renormalized residue f{”"'lf in

Piyqor Py is F(0) = Arg(Fy(cosb,sinf)). The graph of F'(0) is shown in Figure 6.1. To

simplify the analysis, we identify the three unit circles on the planes P; to a single circle so

that the map F'(#) becomes a map from the unit circle onto itself. The index of the plane

in which a residual vector R"™ f lies can be obtained from the index of the plane P; in which

Rf lies and the sequence of the angles in the planes of the residues Rf, R%f, R3f, ..., so

the map encodes the plane P; containing R”" f.
F is piecewise strictly monotonically increasing with discontinuities at integer multiples
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Figure 6.1: F(#) on [—x, 7). The discontinuities occur between quadrants and correspond
to the points at which the element selected by the pursuit changes. The first and third
pieces are mapped to P;y1 and the second and fourth are mapped to P;_;. The line y = @
is plotted for reference.

of 7. Moreover, I’ possesses the following symmetries which we will use later:

T+ FO+7m) -7 < 6 < -5
B —F(-8) -5 <0 <0
T—Fr-0) 5 < 60 < 7w

To analyze the chaotic behavior of this map, we focus on F(2) which is shown in Figure
6.3. The map F(?) partitions [—7, 7) into four invariant sets I1 = [p1, p2), I- = [—p2, —p1),
J+ =1[0,p1) U[pz,7),and J_ = [—7,—p2) U [—p1,0). Here £p; and +p; are the four fixed
points of the map given by p; = tan™'(v/2) and py = 7 — tan"!(\/2).

Proposition 6.1 The restriction of F® to each of the invariant regions I+ and J£ is
topologically conjugate to the binary shift map L and are therefore chaotic. Hence F is
chaotic on the inverse images of I+ and J+.

Proof: To prove that F(?) is topologically conjugate to L, we must construct an home-
omorphism £ such that

hoF® =1oh. (6.11)

This homeomorphism guarantees that F'(2) shares the shift map’s topological transitivity,
sensitive dependence on initial conditions, and dense periodic points.
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Figure 6.2: The plane P;. The projections of ¢g;11 and ¢g;—; are shown in the first and
second quadrants. The darkly and lightly shaded areas are mapped to P47 and F;_q,
respectively, by the next iteration of the pursuit.

We first focus on the region I.. Due to the symmetry, the construction is identical for
I_. and we drop the subscript below. The map F(?) is differentiable over Iy = [p1, 5[ and
I =[5, p2). For x in I, we define the index of # by

. . 0, z€ly
i(z) = { | scl (6.12)

The itinerary of a point & € I is the sequence of indices of the images of x under suc-
cessive applications of F(2), Following a standard technique [14], the homeomorphism
h is constructed by assigning to each point € I a binary decimal in [0, 1] with digits
corresponding to the itinerary of z

h(z)=0.i(z) i(FO(2)) i(F®(z)) i(FO(z))... (6.13)
The itinerary of F(z)(x) is just the itinerary of x shifted left, so we have

hoF@ () = 0.i(FP () i(FW () i(FO(2))...
= Loh(x). (6.14)
Thus, (6.11) is satisfied. The details of the proof that h(z) is a homeomorphism are similar

o [14], §1.7, with one minor difference. The fact that i is one-to-one in [14] requires that
(F) be bounded above one. This is not the case here. However, we can show that
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Figure 6.3: F(?) () on [-7, 7). The discontinuities again correspond to the different se-
lected elements in the two iterations of the pursuit. From left to right in [—7,0), the
pieces correspond to selecting (1) g;+1 followed by gi12, (2) ¢it1 followed by ¢4, (3) gi—1
followed by ¢;, (4) g;—1 followed by g;_o, with the cycle repeated in [0, 7). The fixed points
correspond to the projections of +g;41 onto P;.
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Figure 6.4: F(?)(8) on I.

for § € [—m,7) (FW)() > L > 1. The injectivity of h is then obtained with minor
modifications of the original proof.

The proof that F(3) : J, — Jy is a chaotic map is similar to the proof for F(?) : [y —
I.. We consider J.. We first modify the metric over our domain so that the points p;
and py have a zero distance as well as the points 0 and 7. This metric over our domain
is equivalent to a uniform metric over a circle. With this modification, we obtain a map
which is differentiable over [0, p1) and [pz, 7) and which maps each of these intervals to the
entire domain. The proof now proceeds exactly as above. We note that in the proof that

F®) is chaotic on J we define the index function i(z) so that

i(z) = { (1) . E ?Eﬁ); (6.15)

With this construction we obtain a conjugacy between F' and the shift map with a home-

omorphism A'(z) = h(F(z)).
a

The similarities of F(2) and L become much clearer when we compare the graph of F@)
on I in Figure 6.5 with the graph of the binary shift L on [0,1), given by y = 22 mod 1.
Both maps are piecewise differentiable and monotonically increasing, and both map each
continuous piece onto the entire domain. The slope of the graph of L is strictly greater
than 1, and although the slope of the pieces of F(?) is not everywhere greater than 1, the
slope of the pieces of F4) is. The itinerary for a point in [0,1) under L is just its binary
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Figure 6.5: The binary left shift operator L on binary expansions of [0, 1].

decimal expansion, so we see that the homeomorphism we have constructed is a natural
one.



Chapter 7

Invariant Measure

The chaotic properties of matching pursuits make it impossible to predict the exact evo-
lution of the residues, but we can can obtain a statistical description of the properties of
the residues. For an ergodic map, asymptotic statistics can be obtained from the invariant
measure. The residue can then be interpreted as a realization of an equilibrium process
whose distribution is characterized by the invariant measure of the map. The next section
describes the basic properties of these invariant measures and analyzes the particular case
of the three-dimensional dictionary.

In higher dimensional spaces, numerical experiments show that the norm of the residues
||R" f|| decreases quickly for the first few iterations, but afterwards the decay rate slows
down and remains approximately constant. The average decay rate can be computed from
the invariant measure and the measurement of this decay rate has applications for the
approximation of signals using a small number of “coherent structures”.

Families such as the Gabor dictionary that are invariant under the action of group
operators yield invariant measures with invariant properties as described in chapter 5. To
refine our understanding of the invariant measures, we construct an approximate stochas-
tic model of the equilibrium process and provide numerical verifications for a dictionary
composed of discrete Dirac and Fourier bases.

7.1 Ergodicity

We first summarize some results of ergodic theory [28] [47]. Let u be a measure and let
Y be a measurable set with p(X) > 0. Let 7" be a map from ¥ onto X. 7 is said to be
measure-preserving if for any measurable set S C ¥ we have

u(S) = W(T7(9)), (7.1)

where T71(59) is the inverse image of S under T'. The measure y is said to be an invariant
measure under T. A set E is said to be an invariant set under T if T-'F = E. The

47
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measure preserving map T’ is ergodic with respect to a measure p if for all invariant sets
I C ¥ we have either p(F)=0or (X - E)=0.

Ergodicity is a measure-theoretical notion that is related to the topological transitivity
property of chaos [56]. It implies that the map 7" mixes around the points in its domain.
For example, if T' has an ergodic invariant measure p that is non-atomic (every set of
non-zero measure contains a subset of smaller measure), then only for a set of y-measure 0
do the iterates Tz, 7%z, T3z, ... converge to a cycle of finite length. Hence, for almost all
x € X, T™x neither goes to a fixed point or a limit cycle, so for most of ¥ the asymptotic
behavior of T™z is complicated.

The binary left shift map on [0,1] is ergodic with respect the Lebesgue measure [38].
We can use the topological conjugacy relation (6.11) we derived in chapter 6 to prove that
the renormalized matching pursuit map F is also ergodic when restricted to one of two
invariant sets. We first prove that the map F(®) of the previous chapter is ergodic.

Lemma 7.1 The restrictions of F?) to the invariant sets Iy, Jy are ergodic.

Proof: Let ¥ be one of the sets Iy, J+. We first show that F(2) is measure-preserving. Let
h be the homeomorphism satisfying

hoF® =TLoh (7.2)

on Y., and let v be the Lebesgue measure. The shift map L preserves the Lebesgue measure,
so we have for any set S € [0, 1] that

v(S)=v(L79). (7.3)

We define pu(5) = v(h(S5)), where h(S) = {h(z) : 2 € S}. This p is a measure because h is

a measurable function. We have

p(s) = v

5)), (7.4)

so F(?) preserves the measure .

Suppose that the set § is invariant with respect to F(2), ie. F)(§) = §. From (7.3),
the set h(.9) must be invariant under L, and because L is ergodic, either the Lebesgue mea-
sure of h(.9) or the Lebesgue measure of ([0,1] — A(.5)) must be zero. By our construction
of v, though, we must then have that u(5) = 0 or (X — §) = 0. Hence F?) is ergodic.

a

Proposition 7.1 The three-dimensional renormalized matching pursuit map F is ergodic
when restricted to one of its two invariant sets.
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Proof: The map F'is invariant on the sets I_U.Jy and J_UIy, and we have F(I+) = Jx
and F(J1) = I3. Let ¥ be one of the two invariant sets. To simplify our notation, we will
drop the the subscripts of I and J.

We first show that F’ is measure-preserving. We define py and py to be the ergodic
invariant measures on I and J, respectively, which were derived in the above lemma. We
have pr(I) = py(J) = 1 from our derivation in the lemma. We can decompose any set
S C X into the disjoint union of Sy = 5SNTI and S;=5nN.J. Let xs be the characteristic
function of 5. By the Birkhoff ergodic theorem,

2n—1

lim — Z xs(F\(z)) = lim — ZXS )+ xs(F (2k+1)$)

n—oo 2n

= %[HI(SI) + pr(F7H(85)) + pa(S0) + s (F7H(SD)]

= () (7.5)

for almost all z. pis a measure which is invariant with respect to F due to the invariances
of pur and py under F?, and u(¥) = 1.

We now show that p is ergodic. Let S is a 1 measurable set which is invariant under
F, and let X’ be the subset of ¥ of full measure for which the sum in (7.5) converges. We
have p(5) = p(S N Y'). Suppose that p(S N X)) > 0. Then we must have

2n—1
(S N E = lim — Z XSOE’ $)) =1= ,u(E) (76)
Either p(S5) =0 or u(X — 5) = 0, so the result is proved.

a

The ergodicity of a map T allows us to numerically estimate the invariant measure by
counting for points z € ¥ how often the iterates Tz, T2z, Tz, ... lie in a particular subset
S of ¥. The Birkhoff ergodic theorem [28] states that when pu(X) < oo,

p(S) = () lim —ZXS Th). (7.7)

When an invariant measure p is absolutely continuous with respect to the Lebesgue
measure, by the Radon-Nikodym theorem there exists a function p such that

u(s) = /S p(e) (7.8)

The function p is called an invariant density. For the invariant measure of F’, this density
is given by

ple) = |1 ()]
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Figure 7.1: The invariant densities of F’ for the two invariant sets /4 U Jy superimposed
on the interval [—7, 7). The densities have been obtained by computing the Cesaro sums.

provided that h(z) is absolutely continuous. This invariant density measure can be com-
puted numerically by estimating the limit (7.7) when the density exists. Fig. 7.1 is the
result of numerically computing the Cesaro sums (7.7) for a large set of random values of
x with sets S of the form [a,a + §,). In this case, the support of the invariant measure of
the normalized matching pursuit is on the three unit circles of the planes P;. On each of
these circles, the invariant density measures are the same and equal to p(8).

7.2 Coherent Structures

The Cesaro sum (7.7) shows that an ergodic invariant measure reflects the distributions
of iterates of the map T. The average number of times the map takes its value in a set is
proportional to the measure of this set. The invariant measure thus provides a statistical
description after a large number of iterations, during which the map may have transient
behavior. For example, for the three-dimensional dictionary of chapter 6, there is one
chance in three that the residue is on the unit circle of any particular plane P;, and over
this plane the probability that it is located at the angle 6 is p(8).

In higher dimensional spaces the invariant measure p can be viewed as the distribution
of a stochastic process over the unit sphere S of the space H. After a sufficient number
of iterations, the residue of the map can be considered as a realization of this process.
We call “dictionary noise” the process P corresponding to the invariant ergodic measure
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of the renormalized matching pursuit (if it exists). If the dictionary is invariant under
translations and frequency modulations, we prove in the next section that the dictionary
noise is a stationary white noise. Realizations of a dictionary noise have inner products
that are as small and as uniformly spread across the dictionary vectors as possible. Indeed,
the measure is invariant under the action of the normalized matching pursuit which sets
to zero the largest inner product and makes the appropriate renormalization with (7.16).
Since the statistical properties of a realization @ of P are not modified by setting to zero the
largest inner product, the value A(x) of this largest inner product cannot be much larger
the next larger ones. The average value of this maximum inner product for realizations of
this process is by definition

A = [ Madu(e) = B
The ergodicity of the invariant measure implies that
1 n
Ao = lim — Ffa). :
o = lim -~ > AR fx) (7.9)
k=1
We recall from (3.12) that if the optimality factor o = 1 we have
IR I = 1 R™ Il /1 = A2(R™[). (7.10)

The average decay rate is thus

_ n—1 n—1 _ 5
o = lim sl = log IR EZ%log(l—/\z(ka)). (7.11)

k=0

n—00 n n—oo n

The ergodicity of the renormalized map implies that this average decay rate is

doo = —%/Slog(l — \2(a))dp() = —%E[log(l _22(P)). (7.12)

Since A(2) > Anin,

doo > _%log(l - /\Zmn)v
but numerical experiments show that there is often not a large factor between these two
values.

The decay rate of the norms of the residues R"f was studied numerically in [58].
The numerical experiments show that when the original vector f correlates well with a
few dictionary vectors, the first iterations of the matching pursuit remove these highly
correlated components, called coherent structures. Afterwards, the average decay rate
decreases quickly to d...

The chaotic behavior of the matching pursuit map that we have derived provides a
theoretical explanation for this behavior of the decay rate. As the coherent structures are
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removed, the energy of the residue becomes spread out over many dictionary vectors, as
it is for realizations of the dictionary noise P, and the decay rate of the residue becomes
small and on average equal to d.,. The convergence of the average decay rate to d., can be
interpreted as the the residues of an ergodic map converging to the support of the invariant
measure.

We emphasize that our notion of coherence here is entirely dependent upon the dic-
tionary in question. A residue which is considered dictionary noise with respect to one
dictionary may contain many coherent structures with respect to another dictionary. For
example, a sinusoidal wave has no coherent components in a dictionary composed of Diracs
but is clearly very coherent in a dictionary of complex exponentials.

For many signal processing applications, the dictionary defines a set of structures which
we wish to isolate. We truncate signal expansions after most of the coherent structures
have been removed because the dictionary noise which remains does not resemble the
features we are looking for, and because the convergence of the approximations is slow for
the dictionary noise. Expansions into coherent structures allow us to compress much of
the signal energy into a few elements.

As long as a signal f contains coherent structures, the sequence A(R"f) has differ-
ent properties than realizations of the random variable A(P), where P is the dictionary
noise process. A simple procedure to decide when the coherent structures have mostly
disappeared by iteration n is to test whether a running average of the /\(ka)’s satisfy

1 n4+d
72 MR f) < Aoo(1 4 €), (7.13)
k=n

where d is a smoothing parameter and € is a confidence parameter that are adjusted
depending upon the variance of A(P).

Numerical experiments indicate that the normalized matching pursuit with a Gabor
dictionary does have an ergodic invariant measure. After a number of iterations, the
residues behave like realizations of a stationary white noise. The next section shows why
this occurs. In our discrete implementation of this dictionary, where the scale is discretized
in powers of 2 and H = RY where N = 8192, we measured numerically that A, ~ 0.043 =

\/Z%. Fig. 7.3 displays A(R"f) as a function of the number of iterations n for a noisy

recording of the word “wavelets” shown in Fig. 7.2. We see that the Cesaro average of
A(R"™f) is converging to A.,. The time-frequency energy distribution F f(¢,w) of the first
n = 200 coherent structures is shown in Fig. 7.6. Fig. 7.5 is the signal reconstructed from
these coherent structures whereas Fig. 7.7 shows the approximation error R™ f. The signal
recovered from the coherent structures has an excellent sound quality despite the fact that
it was approximated by many fewer elements than the number of samples.

When we use the Gabor dictionary, the coherent structures of a signal are those por-
tions of a signal which are well-localized in the time-frequency plane. White noise is not
efficiently represented in this dictionary because its energy is spread uniformly over the
entire dictionary, much like the realizations of the dictionary noise. We analyze expansions
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Figure 7.2: Digitized recording of a female speaker pronouncing the word “wavelets” to
which white noise has been added. Sampling is at 11 KHz, and the signal to noise ratio is

10dB.

of realizations of a white noise process in detail in section 7.5. Speech contains many struc-
tures which are well-localized in the time-frequency plane, especially in voiced segments of
speech, so speech signals are efficiently represented by the Gabor dictionary. The coherent
portion of a noisy speech signal, therefore, will be a much better approximation to the
speech than to the noise. As a result, the coherent reconstruction of the “wavelet” signal
has a 14.9 dB signal to noise ratio whereas the original signal had only a 10.0 dB SNR.
Moreover, the coherent reconstruction is audibly less noisy than the original signal.

[58] proposes a denoising procedure based upon the fact that white noise is poorly
represented in the Gabor dictionary, which was inspired by numerical experiments with
the decay of the residues. Similar ideas exist in [51] [18], namely, to separate “noise” from a
signal, we approximate a signal using a scheme which efficiently approximates the portion
of interest but inefliciently approximates the noise. In order to implement a denoising
scheme with a matching pursuit, it is essential that the dictionary be well-adapted to
decomposing that portion of signals we wish to retain and poorly-adapted to decomposing
that portion we wish to discard. In chapter 8 we describe an algorithm for optimizing
a dictionary so that we can maximize the coherence of signals of interest. Furthermore,
the analysis of this chapter can be used to characterize the types of signals that a given
dictionary is inefficient for representing, the realizations of a dictionary noise, so that we
can determine what types of “noise” we can remove from signals.
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Figure 7.3: A(R" f) and the Cesaro sum L S°7_; A(R* f) as a function of n for the “wavelets”
signal with a dictionary of discrete Gabor functions. The top curve is the Cesaro sum,
the middle curve is A(R"f), and the dashed line is A.,. We see that both A(R"f) and the

Cesaro sum converge to Ay, as n increases.
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Figure 7.4: The time-frequency energy distribution of the speech recording shown in Fig.
7.2. The initial cluster which contains the low-frequency “w” and the harmonics of the
long “a”. The second cluster is the “le”. The final portion of the signal is the “s”, which
resembles a band-limited noise. The faint horizontal and vertical bars scattered across the
time-frequency plane are components of the Gaussian white noise which was added to the
speech signal.
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Figure 7.5: The “wavelets” signal reconstructed from the 200 coherent structures. The
number of coherent structures was determined by setting d = 5 and ¢ = 0.02.

Figure 7.6: The time-frequency energy distribution of the 200 coherent structures of the
speech recording shown in Fig. 7.2.
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Figure 7.7: The residual R?%f of the “wavelets” signal shown in Fig. 7.2.

7.3 Invariant Measure of Group Invariant Dictionaries

The Gabor dictionary is a particular example of a dictionary that is invariant under the
action of group operators G = {G;},cq. We proved in chapter 5 that with an appropriate
choice function the resulting matching pursuit commutes with the corresponding group
operators. If the matching pursuit commutes with G, the renormalized matching pursuit
map also satisfies the commutativity property

M(G.R"f) = G.M(R"f). (7.14)

The following proposition studies a consequence of this commutativity for the invariant
measure, in a finite dimensional space.

Proposition 7.2 Let M be an ergodic matching pursuit map with an invariant measure
p defined on the unit sphere S with p(S) < +oo. If there exists a set of f € S of non-zero
p-measure such that (7.14) is satisfied for all n € N, then for any G, € G and U € §

WG, U) = (D).

Proof: This result is a simple consequence of the Birkhoff ergodic theorem. Indeed for
any U C ¥ and almost any f € § whose residues satisfy (7.14)

W(U) = u(S) lim ~ 3" xu(M* ). (7.15)
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Hence

p(Gr ) = () Jim 3 a0 (M4,
k=1

Since M*G 1 f = G, MFf
Xa,u(M*f) = xu(M* G- f).

But since the limit (7.15) is independent of f for almost all f, we derive that u(G,U) =
u(U).

a

This result trivially applies to the invariant measure of the three dimensional dictionary
studied in chapter 6. Since the three vectors {g1, 92,93} have equal angles of 60 degrees
between themselves, this dictionary is invariant under the action of the rotation group
composed of {I,G,G?} where I is the identity and G the rotation operator that maps ¢;
to g;41 where the index ¢ is taken modulo 3. This implies that the invariant measure of
the normalized matching pursuit is invariant with respect to G. It thus admits the same
invariant measure over the unit circle in each plane P;.

A more interesting application of this result concerns dictionaries that are invariant
by translation and frequency modulation groups. Let H = R and {6n}Yo<n<n be the
canonical (or Dirac) basis. The translation group is composed of {T*}o<ren where T is
the elementary translation modulo N -

Ton = 6(n—l—1) mod N-
The modulation group is composed of {F*}gcrcn where F is the frequency modulation
operator defined by -
Fé, =N 6.

Suppose that the matching pursuit is an ergodic map which admits an invariant measure
and that it is implemented with a choice function that commutes almost everywhere with
the translation and frequency modulation group operators. Proposition 5.1 proves that
the invariant measure of M is also invariant with respect to translations T% and frequency
modulations F*. The invariance with respect to translations means that the discrete
process associated to this measure is stationary (modulo N). The invariance with respect
to frequency modulation operators F* implies that the discrete power spectrum of this
process (the discrete Fourier transform of the N point autocorrelation vector) is constant.
In other words, the process is a white stationary noise.

A simple example of a translation and frequency modulation invariant dictionary is
constructed by aggregating the canonical basis of N discrete Diracs and the discrete Fourier
orthonormal basis

D= {6n76n}0§n<N = {g’v}'yerv
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where ¢, is the discrete complex exponential
N-1 -
LT
€, = Z e N .
k=0

In the next section we construct a stochastic model of the matching pursuit invariant
measure obtained with this dictionary.

7.4 An Invariant Measure Model

This section describes an approximate invariant measure model that we apply to the dis-
crete Dirac-Fourier dictionary. The model is verified numerically at the end of the section.
Let g,, be the dictionary element selected on iteration n. The normalized matching pursuit
map is defined by

Rnf_ < Rnfvgwl > Jvn
VI- 1< Befig,, >I2

To find the invariant measure we consider the matching pursuit mapping of a stochastic
process P"

Rn—l—lf —

(7.16)

Pr— < P" gpn n
prtl — M(Pn) _ < »gpn > gp 7 (717)
VI I< Progpn o

where gpr is a random vector that takes its values over the dictionary D and satisfies

|< P",gpn >| =sup|< P", g, >|. (7.18)
~el

The invariant measure of the map corresponds to an equilibrium state in which P"*! has
the same distribution as P". For any v € T,
<ang’y> <angP" >< gP"vg’y>

<P"tg, > = - . 7.19
9 A< PSP T P o (719)

We recall that
APy =|< P" gpn >]|. (7.20)

We suppose that in equilibrium the random variable A(P"™) is constant and equal to its
mean, As. This is equivalent to supposing that the standard deviation of A(P) is small with
respect to the mean, which is indeed verified numerically with several large dimensional
dictionaries.

The behavior of < P", gpn >< gpn,g, > can be divided into three cases. If gp» = ¢,
then < P"*l g >=0.If < g,,gpn >= 0 then (7.19) reduces to

< P" gy >

VI=AZ

< Ptlig, > = (7.21)
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Otherwise, we decompose
gpr =< gpn, P" > P+ < gpn, Q" > Q".

Since P" is a process whose realizations are on the unit sphere of H, this is equivalent
to an orthogonal projection onto a unit norm vector P™ plus the projection (™ onto the
orthogonal complement of P™. We thus obtain

< gpn,gy >=< gpn, P" >< P gy >+ < gpe, Q" >< Q7,9 > . (7.22)

Inserting this equation into (7.19) yields

<P g, > = < PT g, >/1— | < gpn, PP > |2 4 AL, (7.23)

with

A" — _< angP" >< gP"in >< ang’y >
! VI=[< P gpn >[?

We have from (7.22) that

A<>o|<gP"7.g’y > — < gpn, P" >< ang’v >|

Al = 7.24
If \oo? < |< gy, gpn >|?, then because
|< ang’y >| < |< angP" >| ~ A007
we have to a first approximation that
Aso| < gpPns gy > |
Al = - 7.25
Equation (7.19) is then reduced to
Aoo| < gpn, gy > |
<P g > =< PYgy > /1 A2+ [ < gpm g0 =] (7.26)

VI AL

where @7 is the complex phase of A7. The three possible new cases for the evolution of
< P", g, > are summarized by

<P™,gy> : _
) T sl
n _ n v .
<Ptg, >= \/1—/\002<P”,gw>+%, if A2, < |< gy, gpn >
0, if g, = gpn.

(7.27)
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The Dirac-Fourier dictionary is an example of dictionary for which all these simplifi-
cation assumptions are valid. We observe numerically that in the equilibrium state for a
space of dimension NV, A is of the order of \/l—ﬁ whereas the standard deviation of A(P) is

of the order of ﬁ, which justifies approximating A(P) by its mean A.,. Moreover, for any
distinct g, and gpn in this dictionary, either both vectors are in the same basis (Dirac or
Fourier) and

< G~,9pn >= 07

or both vectors are in different bases and

9 1
Aoo < |<g’ngP" >| = \/—N
So one of the approximations of (7.27) always applies. Because of the symmetrical positions
of the Dirac and the Fourier dictionary vectors, there is an equal probability that gpn
belongs to the Dirac or Fourier basis. For any fixed g, the first two updating equations
of (7.27) thus apply with equal frequency. We derive an average updating equation which
incorporates both equations for gp» # g.,

Aoo €97
VN
For n and v fixed, €'®7 is a complex random variable and the symmetry of the dictionary
implies that its real and imaginary parts have the same distributions with a zero mean.
For any fixed 7, we also suppose that at equilibrium the phase random variables ¢7 are
independent as a function of n. The difference < P25 f, gy > — < P" g, > is thus the
sum of K independent, identically distributed complex random variables of variance 1. By
the central limit theorem, the distribution of 7=(< P"F*Kf g > — < P" g, >) tends to
a complex Gaussian random variable of variance 1. The inner products < P", g, > thus

follow a complex random walk as long as g, # gpn. The last case gpn = g of (7.27) occurs
when < P", g, > is the largest inner product whose amplitude we know to be

<P g > < P'g, >= (7.28)

|< P",gpn >| = A(P) = Awe.

At equilibrium, the distribution of < P", g, > is that of a random walk with an absorbing
boundary at A..

To find an explicit expression for the distribution of the resulting process, we approxi-
mate the difference equation with a continuous time Langevin differential equation

Ao
7 < Plg, >= mn(t)a (7.29)

where 7(t) is a complex Weiner process with mean 0 and variance 1. The corresponding
Fokker-Planck equation [22] describes the evolution of the probability distribution p(z,1)
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of z =< P!, g, >. Since the real and complex parts of 5(¢) have same variance, the solution
can be written p(z,t) = p(r,t) where r = |z| and

Ip(r,t) A’
5 = 8N Ap(r,t) (7.30)
which reduces to
Ap(r)=0 (7.31)

at equilibrium. The general solution to (7.31) with a singularity at » = 0 is
p(r)=Cln(r)+ D.

The constants €' and D are obtained from boundary conditions.

The inner products < P7,g, > start at r = 0 and diffuse outward until they reach
r = Ax, at which time gpr = g,, and < P", g, > returns to 0. The Langevin equation
(7.29) describes the evolution of the inner products before selection; the selection process
is modeled by the boundary conditions.

We can write (7.30) in the form of a local conservation equation,

dp(r,t) N aJ(r,t)

T 5 0, (7.32)
where J, the probability current, is given by
—\.2
J = 8]°V° Vp. (7.33)

The aggregate evolution of the inner products is described by a net probability current
which flows outward from a source at the origin and which is removed by a sink at » = A..
At each time step, exactly one of the 2V dictionary elements is selected and set to 0. Thus,
the strength of both the sink and the source is ﬁ and thus implies that

1

7{ Johdl = (7.35)
|2]= X oo 2N '

Integrating (7.31) we find that rp,(r) = C'. By performing the line integrals in (7.34)

and (7.35), we find that C' = M_22. Thus, we have

p(r) = ——=In(r)+ D. (7.36)
We use additional constraints to find D and A.. Since all inner products lie in |r] < Auo,

we must have
/ p(z)dz = 1. (7.37)
|2[<Aeo
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Since the dictionary includes two orthonormal bases and || P*|| = 1, we have
S < Py s =2
~el

The 2N inner products < P*, g, > with dictionary elements correspond to particles of 2N
different ages (where a particle’s age is the time since it was last set to zero). We thus
assume the mean ergodic property

1 1
E|<Ptvg’v>|2:ﬁ2|<Ptvg’Y>|2:_

~el N
and hence )
2p(2)dz = —. 7.38
o P = 5 (7.38)
Inserting conditions (7.37) and (7.38) into (7.36) yields
/\OO:i and D:an/\;O
VN T Ao
Hence 5 \
— In(==2). .
) = g () (7.39)

Figure 7.8 compares the graph of (7.39) for N = 4096 with an empirically determined
density function. The empirical density function was obtained by computing the Cesaro
sums %Zzzo < RFf, g > where g, is a Dirac element and f is a realization of a white
noise. The first V terms were discarded to eliminate transient behavior and to speed the
convergence of the sum. We have aggregated the Cesaro sums for the members of the Dirac
basis to obtain higher resolution. The invariant density function is invariant by transla-
tion due to the translation invariance of the decomposition, so this aggregation does not
affect our measurements. The figure shows an excellent agreement between the model and
measured values. Figure 7.9 compares predicted values of A, with empirically determined
values. The discrepancy near the origin is due to the fact that the approximation of the
of the complex exponential term in (7.28) with a Gaussian is not valid for the first few
iterations after < P", g, > is set to 0. These results justify a posterior: the validity our
approximation hypotheses.

For this dictionary the average value A, is only twice as large as the minimum A,;;,.
The value A,,;, is attained for the linear chirp

N-1 iomk?
12T
f=2 e b,
k=0

where

ER
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Figure 7.8: A cross section of the function p(r,#) along the § = 0 axis. The solid curve
is determined empirically by computing the Cesaro sums. The dashed curve is a graph
of the predicted density from our model. The discrepancy near the origin is due to the
approximation of the of the complex exponential term in our model with a Gaussian.
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Figure 7.9: Measured versus predicted values of A, for the Dirac-Fourier dictionary as
a function of the dimension N of the space H. The circles correspond to empirically
determined values of A..
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The average value of A, for this equilibrium process is much smaller than the value \/%

which would be obtained from a white stationary Gaussian noise. This shows that the
realizations of the dictionary noise have energy that is truly well spread over the dictionary
elements.

7.5 Asymptotic Evolution of the Residues

Our experiments have shown that residues converge to dictionary noise, and we have
characterised this “noise” with a density function derived from a stochastic differential
equation model. In this section we modify our stochastic model to obtain information
about the time-evolution of the residues close to the attractor. We show that this modified
model successfully predicts the macroscopic behavior of the residues for realizations of a
Gaussian white noise process.

Our model for the evolution of residues on the attractor in the previous section required
two basic assumptions.

1. The correlation ratio on iteration n, A,, is approximately equal to a constant.

We drop this assumption in order to gain information on the convergence to the
attractor.

2. The diffusion term A’ in equation (7.23) can be approximated by a random variable
with a known magnitude and uniformly distributed random phase which is indepen-
dent of n.

This approximation requires first that Ao < | < gy,gpn > | so that we can deter-
mine the magnitude of A7 with some degree of accuracy. When A, is sufficiently
small, the phase of A7 is predominantly determined by the phase of < gpn,g, >.
The assumption that this phase is independent of n and uniformly distributed is
tantamount to assuming that the energy of the residue is uniformly spread out over
the dictionary and that the dictionary elements which are selected do not have any
particular correlation that would bias the phase.

We will construct a stochastic differential equation model which predicts the evolution
of residues which are close to the attractor in the sense that the energy of the residues is
well spread out over the dictionary and the coefficients of the selected dictionary vectors
do not have strongly correlated phases. We verify the model numerically for a Gaussian
white noise, a process which satisfies the above assumptions.

Let P be a stochastic process such that realizations of P have energy uniformly dis-
tributed over the dictionary. We follow the derivation of the model of the previous section
with one major change. When we are away from the attractor the correlation ratio A, is
no longer constant. We replace the constant A, in our derivation with the variable A,. In
order to make an approximation of the term A’ of equation (7.23) similar to that of the
previous section, we require that A, < | < g,,¢gpn >|. Our approximation of the phase of
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A% by a uniformly distributed random phase €'Y is justified by our assumption that the
selected dictionary elements do not have a correlated structure. We thus obtain

<Pn7g7>

mv if < gy,9pn >=10,

+1 _ / n>ef
<P Iy 2= 1_/\n2<Pn7gw>+%7 lf/\n2<<|<g’vng">|

0, if g, = gpn.
(7.40)

One example for which all our assumptions hold is the Dirac-Fourier dictionary in an
N-dimensional Fuclidean space with P equal to a Gaussian white noise process. When
| < gy,gpn >|1is 0 or 1, the update to < P",g, > is exact; otherwise, we know that the
energy of the white noise process is uniformly spread over the dictionary vectors, and A2
is O(%) which is much smaller than | < g,,gpn >| = \/Lﬁ, S0 our approximations are
reasonable.

Because we assume that the energy of the residue is uniformly spread over the dictionary
we can again make use of the symmetrical positions of the Dirac and Fourier basis vectors.
There is an equal probability that the selected vector gprn belongs to the Dirac or to the
Fourier basis. For a fixed g, the first and second updating equations apply with equal
frequency, so we average these equations to obtain for g, # gpn that

A, e
VN
The energy of the residue is spread over the dictionary elements, so the value of the
largest inner product | < P",gpn >| will not be much greater than the value of the next
largest inner product. Moreover, A, is not large, so the removal of the element gpn» from
P" will not have a large effect on the inner products | < P", ¢, > |. Hence, the value
A, does not change rapidly. When K is not too large we can approximate the variables
Ay A1y - - os Aptai With their mean, A,. _By the central limit theorem the difference

(< PP g s < P g, > & zﬁ—"ﬁ Zigl‘ €'Y tends to a complex Gaussian

<P g > < Ptg >= (7.41)

random variable with variance 1. An important effect of approximating the complex expo-
nential €'%7 with a Gaussian will be that the model’s evolution will be smoother than that
of the actual system since we are replacing the exponential term with its running average.

The evolution of the system is thus described by a random walk with a varying step
size and a moving absorbing boundary at A,,. We approximate the difference equation with
a continuous time Langevin equation to obtain an explicit solution.

M)
2/

where 7(t) is a complex Weiner process with mean 0 and variance 1. The corresponding
Fokker-Planck equation [22] describes the evolution of the probability distribution p(z,1)

d
— < Pt,gw >=

- (1), (7.42)
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of z =< P!, g, >. Since the real and complex parts of 5(¢) have same variance, the solution
can be written p(z,t) = p(r,t) where r = |z| and

ap(a? b_ Ag(jv) Ap(r,1). (7.43)

As in the equilibrium case, the boundary condition at 0 will be given by

) A |
where the probability current J = —%Vp. The flow of probability across the boundary

at A(t) is driven both by the current and by the motion of the boundary. The flux across
|z| = A(t) will be ﬁ, because we are setting exactly one of the 2NV inner products to zero
each time step. We obtain a relationship between the current at the boundary and the
location of the boundary, A(%), using the constraint that the total probability is conserved.

We have,
d 2r pA(Y)
%/ / p(r,t)rdrdd = 0, (7.45)
o Jo

from which we obtain,

(7.46)

We see from 7.43 that the evolution of the probability density function is governed by
a heat equation with boundary conditions on moving boundaries. We can think of these
equations as governing the depth of a fluid in a cylindrical chamber. On the left end of the
chamber there is a small opening and on the right a piston containing an identical opening.
The chamber is initially filled with fluid with depth distributed according to p(r,0). The
variations in the depth spread out via diffusion. Fluid is pumped into the chamber from
the hole on the left at a rate m, and it flows out at an equal rate on the right through
the hole in the piston. If the diffusion-induced current at the right edge of the chamber is

i

larger than N the excess current forces the piston outward. If the induced current

is smaller than m, the piston moves inwards to generate additional current. In our
numerical experiments the initial wave dies down, and the system evolves to a state of
constant flow.

We solve the coupled equations (7.43) and (7.46) using a center-space, forward time

finite difference method for p(r,t). The value of A(¢) is computed by enforcing the conser-
vation of fOA(t) p(r,t)rdr. Although the solutions are singular at the origin, our grid values
remain bounded because we use a conservation scheme and the integral of this singular-
ity is bounded. We take A(0) to be E| < P,g, > |, which we estimate numerically, and
we set p(r,0) equal to a complex Gaussian of mean 0 and variance ﬁ truncated at r =
E|< P, g, >| and normalized so that its integral is 1.
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Figure 7.10: The decay of A as a function of n for a Gaussian white noise with the
Dirac-Fourier dictionary. The solid curve is a set of A(¢)’s obtained from a pursuit, and
the dashed curve is a solution A(¢) of our model.
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Figure 7.10 shows the solution A(¢) we obtain for N = 8192 together with the values of
A, obtained from a matching pursuit with a realization of a Gaussian white noise process.
Comparing numerical solutions of (7.43) to pursuits with noise, we find that the model
provides a good explananation of the macroscopic behavior of A,,. The measured A,, has
greater variability for several reasons. First, in replacing the ¢*7 term with a Gaussian in
our model, we are effectively smooth the evolution. Also, the distribution of the discrete
set of inner products < R”f,gw > only approximates the smooth density function p(r,t),
especially in the tail which determines A(?).

The behavior of the system is consistent with our analysis of section 7.2. The tail of
the initial Gaussian represents the part of the signal which is coherent. In the tail of the
initial Gaussian both p(r,t) and its slope are close to 0 so A(?) initially decreases very
quickly. This corresponds to the small number of random coherent structures present in
the white noise being removed. As ¢ increases, the flow from the source starts to pile up
at the origin (the number of elements which have small inner product with the residue
increases), and the decay of A(¢) slows due to the increase in p(A(¢)) and the decrease in
[—%m(/\(t),t) - m] This corresponds to the energy of the residue spreading out
across all of the dictionary elements. The entire system evolves to an asymptotic steady
state, which corresponds to the invariant density.



Chapter 8

Learning Optimal Dictionaries

Many types of data, such as recorded speech signals [44], can be modeled as realizations of a
random process. We now consider the problem of optimizing a dictionary for decomposing
the realizations of a particular random process. Our criterion for optimality is that we
minimize the expected error of the M-element expansions,

M-1
ENf =32 Brom | (8.1)

k=0

for some fixed M, where f is a realization of our process. We will perform this min-
imization over a class of dictionaries which is parametrized by a finite parameter set
a = (ay,as,...,ax). This is a very general class; for instance, any finite dictionary in
a finite dimensional space can be represented as such a dictionary. For our numerical ex-
periments, we will optimize a subset of the Gabor dictionary which is parametrized by a
single scale.

This type of optimization is particularly important when we work with dictionaries
which are characterized by a large number of parameters. For example, [48] [1] expands
speech signals into sums of formant-wave functions, a set of waveforms which model the
partial response of the vocal tract to a single excitation produced by the vocal cords. The
expansion of speech data into sums of these functions allows the extraction of important
psychoacoustical parameters such as pitch and the positions of formants. Formant-wave
functions are are characterized by translation, modulation, attack rate, and decay rate
parameters. If the signal is initially defined over N points, the corresponding dictionary
with uniformly sampled parameters contains O( N*) elements, which is extremely large for
speech signals where N is of the order of 10,000 samples. We need to subsample this
dictionary to reduce the computational complexity of the decomposition, but we want to
do so in such a way that we have minimal increase in our error. In this section we describe
an algorithm for iteratively optimizing an initial set of dictionary parameters which is
based on the Lloyd algorithm, an algorithm used for optimizing vector quantizers. For
the speech example above, we can parametrize our subsampling and then optimize these

71



CHAPTER 8. LEARNING OPTIMAL DICTIONARIES 72

subsampling parameters for speech data.

8.1 Vector Quantization and the Lloyd Algorithm

The problem of vector quantization is similar to our problem of compact function rep-
resentation. Let X be a vector space and let B be a set {b;}. The set B is called the
code book, and its elements are called code words. For typical vector quantization appli-
cations the cardinality of B is much smaller than that of X. Vector quantization is a
two-stage process. Each x € X is mapped to one of the code words by an encoder, a
function €' : X — B. The encoded z is an intermediate representation which can be used
for compact storage or transmission. We convert this code word back to a vector in X
with a decoder, a function D : B — X. We would like to minimize the distortion incurred
through this encoding/decoding process for realizations of a random process, i.e. we seek
to minimize the expected quantization error

E(|D(C(2)) - 2||* = ||z — 2|, (8.2)

where z is a realization of the process and # is the quantized value of .

8.1.1 Conditions for Optimality

We assume that our quantizer is memoryless, i.e. that it makes no use of information about
what it has encoded in the past. For such a quantizer to be optimal, in the sense that it
minimizes (8.2), we have two necessary conditions:

1. Nearest Neighbor Condition. Suppose we are given a decoder D such that D(b;) = ;.
Then no encoder can do better than to assign to z the code word b; which minimizes
||z — D(b;)|]. Equivalently, we quantize to &; the set of all z for which

e = &l < llz = &51l, i # 5. (8.3)

The sets V; = {z : ||o — &|| < ||z — &;||,¢ # j} are called the Voronoi regions, or
nearest neighbor cells, of the decoder values Z;. The encoder partitions the space X
according to the code words assigned to each @ € X. These code-word partitions are
given by the sets B; = {z : C(2) = b;}. The encoder is optimal when the encoder
partition B; for each code word b; is equal to the Voronoi region of the corresponding
decoder value ;.

2. Generalized Centroid Condition. Suppose we are given an encoder /. No decoder
can do better than to assign to the code word b; the generalized centroid of the
set B;. The generalized centroid of B is defined to be the y; € X which minimizes
E.ep,|lyi — z||*. The decoder which assigns y; to b;, i.e. D(b;) = &; = y;, is thus
optimal.
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A quantizer is uniquely characterized by the partition {B;} of X and the set of outputs
{Z;} of the decoder. Given a set {#;}, the nearest neighbor condition tells us how to
generate an optimal set { B;}. Given {B;}, the generalized centroid condition tells us how
to generate an optimal set {Z;}.

8.1.2 The Lloyd Algorithm

The Lloyd algorithm proceeds by iterating the following steps on an arbitrary quantizer,

HBit{3:}}

1. Using the initial decoder, we optimize the encoder according to the nearest neighbor
condition. We use the given {Z;} to generate an optimal partition { B/} of X.

2. Using the encoder from the first step, we optimize the decoder according to the
generalized centroid condition. We use the optimized partition { B/} to generate an
optimal set of decoder values {Z'}.

3. We repeat steps 1 and 2 using the quantizer {{ B/}, {#}}.

Each step either decreases or leaves unchanged the expected error (8.2). The error is
nonincreasing and bounded below by 0, so the algorithm produces a sequence of quantizers
whose average errors decrease to some lower limit.

Satisfying both the conditions for optimality does not guarantee that a given quantizer
is globally optimal, i.e. that there is no other quantizer which gives a lower average
error. The average error is a functino on the very high dimensional domain consisting
of the vectors associated with the code words, and this error function is in general quite
complicated, possessing numerous local extrema. A quantizer with discrete inputs and a
finite training set that satisfies the conditions for optimality can be shown to be locally
optimal in the sense that small perturbations of the code vectors make the average error
worse [27].

8.2 The Lloyd Algorithm for Multistage Quantizers

8.2.1 Optimal Multistage Encoders

We can apply this encoder/decoder framework to dictionary expansions. We take for our
dictionary D = {g,(a)} er, where a is a set of i’ parameters. Our goal is to modify these
parameters to improve function approximations. Consider the M-element expansion of f
into f = 224:61 Brg~,(a) + RM f. This expansion can be viewed as a quantization of f,
where a code word consists of the M coefficients 8 and the M indices ~;.

The function f is encoded to the pair (G,B), where B = (f5o,...,0m-1) and G =
(70, - - -Ym—1). In this chapter we work with encoders for which the coefficients B can be
written explicitly in terms of the function f and the coefficients §G. For example, with an
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orthogonal pursuit, the coefficients 5 are given by the orthogonal projection of f onto the
subspace spanned by {g¢-},eg. For simplicity, then, we will describe functions as being
encoded to the set of indices G.

The decoder assigns to the code word G the sum

D(f.G.a)= Y Brgy(a). (8.4)

YEG

Unless we specify otherwise, we assume that the values 3, in (8.4) are the optimal values
obtained by projecting f onto the span of {g,}eg.

The quantization error is RM f. Our goal is to minimize the expected norm of this
quantization error when f is the realization of some random process. The parameter set a
completely specifies the decoder in the above decoding process, so we can use the conditions
for optimality defined above to find an optimal encoder corresponding to the decoder with
a particular parameter set a. To satisfy condition (8.3) for our expansion, we must encode
every f to a set of indices G which satisfies

If = D(f,G,a)l < [|If = D(f,¢",a)l. (8.5)

Thus, the notion of an optimal encoder for an multi-stage vector quantization is identical to
our M-optimal approximation problem, so obtaining an optimal encoding for a particular
parameter set a requires that we solve the NP-hard optimal approximation problem.

8.2.2 Optimal Multistage Decoders

Suppose that we have an optimal encoder for a given dictionary. We can use this encoder
to find an improved decoder using a variation on our above condition for optimality. The
optimal encoder partitions the functions in the signal space H according to the G’s to which
they are encoded. Let Bg be the set of all functions f € H which are encoded to the set of
indices G. For the decoder to be optimal for this encoding, it must assign to each partition
Bg its generalized centroid, the value fg which minimizes Esepgllf — foll?. We cannot in
general satisfy this optimality condition. When the dictionary is infinite, we must compute
the centroids of an infinite number of partitions. Even for a finite dictionary of size M

there are " partitions Bg, so if M is large we must compute an inordinately large

number of generalized centroids. We would like to maintain the structure of the decoder
in (8.4), and restrict our dictionary changes to modifications of the parameter set a. Even
if we are able to find the generalized centroids of each region Bg, the K parameters must

. M .
satisfy ( constraints.
m

We can use a nonlinear minimization technique to modify the parameters a in order
to reduce the expected global quantization error E||f — D(f,G,a)||? rather than trying to
reduce the error from each partition. If we are then able to find an optimal encoder for
any given decoder, we can perform an analog of the Lloyd algorithm.
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We set the parameters a to some initial value and then optimize a for a training set
{f(k)}lgkgn by the following procedure.

1. For each f*) in the training set, we find an optimal encoding g(k)(a) so that
175 = DfH, 6V @), a))* < [ /9 - DD, ¢ a))? (8.6)

for all other encodings G'.

2. Given this encoding, we use a minimization step to improve the dictionary. We find
an a’ so that

I R O I GO@,) (87)
k

If no such a’ can be found we terminate the algorithm. Otherwise, we set a = a’ and
repeat.

After the algorithm finishes, we perform one final step of the encoding so that the
encoder and the decoder use the same value of a. Each time step 2 is followed by step 1, we
reduces or leave unchanged the global error L 57, || f*) — D(f®),G. a)||?, so the algorithm
generates a sequence of quantizers whose average error at step m, e(a,,) decreases to
some lower limit e(ao, ). By iterating the algorithm a sufficient number of times, we can
generate a parameter set a which gives an error which is arbitrarily close to e(as ). In
our numerical implementation, we stop the algorithm when the fractional decrease in the

error, ﬂw is less than some threshold.

8.3 Optimizing Dictionaries with the Levenberg-Marquardt
Algorithm

We now describe in more detail the process of optimizing the parameter values of the dic-
tionary elements. We suppose for the moment that we have an optimal encoding available.
We denote by Sg(a) the operator which maps an M-vector of coefficients (o, ..., Bar—1)
to the sum 224:61 Brg~,(a). If we express the elements g, as vectors, Sg(a) will be the
matrix whose columns are the dictionary elements with indices in G. We assume each g,
is a C'% function of the parameters a, and that ||g,(a)|| = 1 for all values of v and a.

The optimal set of coefficients B for an expansion of f over {g,},eg is given by the
coefficients of the projection of f onto the span of the {g,},eg.,

B = (S3(a)Se(a)) " S5 a) . (.8)

The quantization error will be
IRM I = IIf = Se(2)B] (8.9)
= [IF = Sg(a)(S5(a)Sg(a)) " S5(a) f]]- (8.10)
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We estlmate the expected error E||f — D(f,G,a)||* = E||RM f||? by taking a set of n
realizations f(*) of the process and computing the sum

E|lf = D(f.Ga)]| ~ ea) = + 3 [[RY fO? (8.11)
k=1

Using (8.9) we can express e(a) as a differentiable function of a and use the Levenberg-
Marquardt algorithm to minimize this error by iteratively modifying the parameters a. If
we are far from a minimum, we use a steepest descent method to minimize (8.11). At each
iteration we compute an updated set of parameters a’

a’' =a— (CVe(a), (8.12)

for some constant C'. If we are sufficiently close to a minimum and if we can compute the
Hessian accurately, we can reduce (8.11) using Newton’s method. We take

a'=a— H 'Ve(a). (8.13)

The Levenberg-Marquardt method adaptively interpolates between these two methods
by making use of the following observations [45][40]. Let a; and a; be any two single
parameters of a. We have

de(a OR mf k)
aal ZQR < =L Rmf® (8.14)
and
d%e(a) 1 OR™ k) gR™ fk) 1 oy OPR™ )
da;da;  n Zk:QRe < da; = da; >ty Zk:QRe < B da;da; -

(8.15)

We assume that the residues R™ f(*) are small, so we can approximate the second derivative

(8.15) with just the first sum of first derivative terms. We use this approximation for the
second derivative to form an approximation for the Hessian in (8.13).

Dimensional analysis of the steepest descent algorithm indicates that we can estimate

the order of magnitude of the requisite step from the reciprocals of the diagonal elements

of the Hessian. In our above approximation for the Hessian, these diagonal elements are

given by the positive quantities 237, HMH , 50 in using these to determine the step
size, we do not step against the gradlent
For Newton’s method, we have
Héa = —Ve(a), (8.16)

where H is our approximation to the Hessian, and for the steepest descent, we now have

ADéa = —Ve(a), (8.17)
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where A is a scaling constant and D is the diagonal matrix with the diagonal equal to that
of the approximated Hessian. The Levenberg-Marquardt algorithm combines these two
equations, and obtains successive values of the a by solving,

(H + AD)éa = —Ve(a). (8.18)

When A is large, we are effectively performing a small step of steepest descent. When A
is small, we are performing a step of Newton’s method. The value of A is adjusted each
iteration. If a step causes the error e(a) to increase, the step is discarded and A is increased
so that the next iteration will be more like a steepest descent step with a small stepsize. If
a step causes the error to decrease, A is decreased so that the next iteration will be more
like a step of Newton’s method.

8.4 Implementation

Computing the optimal encoding is too slow in practice because the problem is NP-
complete. We instead approximate the optimal encoding using a pursuit algorithm. When
we use a non-optimal encoder, our algorithm does not necessarily yield decreasing values
of e(a,,) as m increases. The reason is that after we have changed the parameter a to a’
to decrease (8.7), the new average error obtained from the modified decoder acting on the
modified encoding,

LS - (g ), )
k

is not necessarily less than the average error obtained from the modified decoder operating
on the old encoding

LS - (9. GV a). )
k

When the change in the parameter value éa is sufficiently small, the change of a does not
affect the encodings G(¥)(a) (unless one of the functions f*) lies on a boundary of one of
the nearest neighbor cells Bg, a set of measure 0), so the algorithm still works. When éa
is large enough that a few of the f*)’s have different encodings after the modification of
a, the algorithm will still cause e(a) to decrease as long as any increase in the error due to
the non-optimal repartitioning is offset by the decrease in the error from adjusting a.

Thus, when the change in a is sufficiently small, our algorithm will work with a non-
optimal encoder. The Levenberg-Marquardt method discards steps for which e(a’) in-
creases, 80 by using such an adaptive minimization scheme we are assured that the step
size da will be small enough that we obtain a sequence of a,, for which the average error
decreases.

When we replace the encoder with a matching pursuit in our algorithm, the coeflicients
B are no longer obtained by projecting f onto the span of {g },eg, so we will have to modify
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our expression (8.8) for obtaining B from f and G. We first obtain an explicit expression
for the quantization error RM f as a product of the projection operators,

RMf = [H(I—gwgi)] f (8.19)

YEG

We can simplify the form of the error by making the assumption that the first M elements
of the optimal expansion form a nearly orthogonal set, when M is not too large. This
assumption clearly holds for M = 1. When the energy of the functions being decomposed is
spread uniformly over several dictionary elements, the pursuit will select first the elements
whose inner product with elements previously selected is small. There is a bias against
selecting an element g, which correlates with previously selected ones because in removing
the element g¢.,, which correlates with g¢,, the pursuit decreases the inner product | <
R¥f,g, >|. We thus assume that the inner products < Gris Gy >= O(€) when i # j.
Expanding the series (8.19) and retaining first order terms in € gives

IRM 117 = || fII*~ Z |< frgy, > P+ Z Z < fr0ny >< Gays Gy >< G [ > FO(E4).
0<j<M 0<j<M k#j
(8.20)
This representation allows us to compute quickly the derivatives with respect to the pa-
rameters a that we need for the Levenberg-Marquardt minimization procedure.

We can make a similar simplification when approximating the optimal encoder with
an orthogonal pursuit. We again assume that < g.,,¢,, >= O(¢) when i # j. The matrix
555 is very close to the M by M identity matrix. We can write 555 as [ + A where A
has small norm. We can approximate

(5550)7" = (I+4)7"
= T—A+0(AY)
21 — 555. (8.21)

4

8.5 Results

We test our algorithm by adapting a subset of the Gabor dictionary to a process which
generates random chirps. Our dictionary consists of the Gabor functions Lg(t_—u)eigt
VS0~ so
periodized on the domain ¢ € [0,27). Here ¢(¢) is the Gaussian 21/4¢=7  The dictionary
contains elements for all values w and £ in [0,27). The scale sg is fixed. Our source
generates chirps of the form Cem(t_b)Z), periodized on the domain, where the value of b is

uniformly randomly distributed in [0, 27).
The chirps generated by this source have support in the time-frequency plane on lines

with slope 2a and time-axis intercept 2ab. We can envision the expansions of these chirps
over the fixed-scale Gabor elements as a covering of this slanted line with small rectangles.
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0.95 h

0.9 bl

0.85 h

0.75- h

0.7+ bl

0.65- h

0.55

Figure 8.1: Evolution of the scale parameter sy under iterations of the adaptation algo-
rithm. The vertical axis is the scale and the horizontal the iteration of the algorithm. The
dotted line corresponds to sg = Smaz-
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Figure 8.2: Evolution of the average residual norm ||RM f|| for the training set under
iterations of the adaptation algorithm. The vertical axis is the error and the horizontal the
iteration of the algorithm. The dotted line is the average residual norm when sg = $;,45.
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The eccentricity of the rectangles is controlled by the scale parameter. The inner product
of one of the dictionary elements and one of these chirps is maximal when £ = 2a(u — b)

and sp = /7, i.e. when the diagonal of the rectangles in the time-frequency is aligned with

the chirp. If we look at the time-frequency energy representations of the expansions of one
of these chirps, we see that in the time-frequency plane the energy of the selected atoms
line up along the & = 2a(u — b), and that there is little energy overlap among the largest
selected elements. We expect, then, that we will obtain an optimal decomposition when

~ _ s
S0 =~ Smax — \/;.

For our numerical experiments we take a = 9. We find that the parameter sy quickly

converges to a value close to \/g For our experiments we used a training set of 20 test

vectors in a space of dimension 64, and we took M = 10. Figures 8.1 and 8.2 show the
evolution of the parameter sg and the average error e(sg) over a number of iterations of
the optimization algorithm. We see, then, that the use of the non-optimal pursuit does
not cause problems the convergence of the algorithm.

We note that the algorithm converges to a value which is slightly different from the
value = which we expect to be optimal, and when we compute the average error from the
training set with the value so = 7, we find that it is less than the error obtained from the
value to which the algorithm has converged. In implementing our algorithm with more
complicated parameter sets, we will need to incorporate some form of stochastic relaxation
into our minimization step, such as simulated annealing [37] [41] to avoid becoming trapped
in the numerous local minima of the error surface.



Chapter 9

Conclusion

The problem of optimally approximating a function with a linear expansion over a redun-
dant set is a computationally intractable one. The greedy matching pursuit algorithms pro-
vide a means of quickly computing compact approximations. The orthogonalized matching
pursuit algorithm converges in a finite number of steps in finite dimensional spaces. The
much faster non-orthogonal matching pursuits yield comparable expansions for the coher-
ent portion of the signal.

Renormalized matching pursuits possess local topological properties like those of chaotic
maps, including local separation of points, and local mixing of the domain. For a partic-
ular dictionary, the renormalized pursuit is in fact chaotic and ergodic. Ergodic pursuits
possess invariant measures from which we obtain a statistical description of the residues.

For dictionaries which are invariant under the action of a group operator, we can
construct a choice function which preserves this invariance. We can deduce properties
of the invariant measure of a pursuit with such a dictionary; in particular, the invariant
density function of a translation and modulation invariant pursuit will be stationary and
white.

Numerical experiments with the Dirac-Fourier dictionary show that the asymptotic
residues of the pursuit converge to dictionary noise, the realizations of a white, stationary
process. Our stochastic differential equation model shows that the coherent structures, the
elements with large inner products | < R"f, g, > |, are quickly removed by the pursuit.
The asymptotic convergence rate is slow, and the asymptotic inner products < R"f, g, >
essentially perform a random walk until they reach a constant A, and are selected.

With an appropriate dictionary, the expansion of a signal into its coherent structures
provides a close approximation with a small number of terms. We can adapt a dictionary
for decomposing a given class of signals using a variant of the generalized Lloyd algorithm.

An important area for further research is the problem of extracting higher level features
from signal decompositions. Given an expansion of a speech signal into Gabor functions, for
example, can we more efficiently extract phonemes? By adopting a hierarchical structure,
like that of the cortex, it may be possible to extend the pursuit algorithm efficiently to the

81
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extraction of higher level features.

Another area for further refinement is the optimality criterion used for the approxima-
tions themselves. As we have shown, the current minimal approximation error criterion
leads to instabilities in the expansions and is partially responsible for the intractability of
the optimal approximation problem. A modification of the optimality criterion could lead
to more stable expansions and more efficient algorithms.
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